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Abstract 
The objective of this study was to investigate the non-linear finite element anal- 
ysis of reinforced concrete structures under transient forces particularly seismic 
loading. The thesis can be broadly divided into five parts. 
In the first part, the experimental evidence of rate effect on tensile strength, 
compressive strength and peak compressive strain of concrete is reviewed. The 
classical elastic, plastic and viscoplastic theories are also reviewed and Perzyna's 
viscoplastic model is described. A rheological model is proposed which enables the 
simulation of strain-rate parameters such as initial modulus of elasticity, secant 
modulus elasticity and peak strength of concrete. Emphasis has been concen- 
trated on modelling the material stiffening and strengthening due to increasing 
strain-rate. The fluidity parameters are highlighted and the parameters involved 
are determined using existing experimental data. 
In the second part, spatial discretisation and mass discretisation are 
described. 
A formula for producing a lumped mass matrix from a consistent mass matrix for 
square and rectangular elements is proposed which allows the natural 
frequencies 
to be determined more accurately than the existing methods. 
xx 
The third part is devoted to a brief explanation of dynamic solution tech- 
niques. The accuracy and stability of currently used algorithms, particularly 
those suitable for dynamic analysis of structures under seismic loading, are dis- 
cussed. Attention has been focused on the effect of algorithmic errors on struc- 
turai response in direct integration schemes . 
The effect of spatial discretisation 
on the accuracy of the natural frequencies is discussed and shown by an example. 
In the fourth part, the proposed model is implemented in a computer pro- 
gram for plane and axisymmetric problems. Two types of concrete cylindrical 
specimens and reinforced concrete structures under transient force are analysed 
and the results are compared with those obtained by other investigator where 
available. The ability of the model for simulation of the material stiffening and 
strengthening is shown. 
The fifth part of the thesis describes the proposed variable mixed explicit- 
implicit algorithm for analysing dynamic problems under loading of long-duration. 
The accuracy of the algorithm is compared with the traditional explicit- implicit 
method by some examples. 
Conclusions and recommendations for further work are presented in the last 
part of the thesis. 
XXl 
Chapter 1 
1.1 Background 
Concern at the high level of damage to structures and loss of life over the last 
number of years, particularly in Iran, due to earthquakes has been one of the 
driving factors behind this research. 
In the past, most analytical models for reinforced concrete structures have 
concentrated on the static behaviour. This has included the ability to model 
stress softening, confinement effects, cyclic degradation of stiffness, volumetric 
dilatation and interaction between reinforcing steel and concrete. However, when 
a structure responds to impulsive loading, the local material behaviour can vary 
significantly. Large stress and strain gradients occur as the dynamic load propa- 
gates through the entire structure in a transient manner. The response is governed 
by the kinetic energy of the material. Energy is used in straining and accelerat- 
ing the material and in the production of microcracks. Local material failure is 
produced by the growth and development of macrocracks. 
In this study, attention has been focused on modelling the history-strain-rate- 
sensitivity of reinforced concrete structures under transient forces, particularly 
earthquake loading. Due to lack of experimental data, a limited number of rate- 
dependent parameters have been simulated and further research is required to 
extend the present model to incorporate all the material rate-dependent param- 
eters. 
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1.1.1 Statement of the problem 
Designs for reinforced concrete structures subjected to transient forces are grouped 
on the basis of the type of dynamic loads. The first group are designed to with- 
stand impulsive loads of high frequency and short duration which might be due to 
impact from ballistic missiles, high explosive, effects of blast shock, etc. The sec- 
ond group are designed to resist transient forces of low to medium frequency with 
long duration, such as earthquake, winds, etc. Such dynamic loads cause intense 
local dynamic stresses which lead to local penetration, crushing and fracturing, 
and potentially overall structural collapse of failure. 
Analytical models for such problems are required to predict the behaviour of 
structures under such a type of time-dependent loading. In this study, attention 
has been focused on modelling the second group of reinforced concrete structures. 
1.1.2 Scope and objective of the present research 
The aim of the research is to develop and demonstrate a numerical model to 
predict the non-linear behaviour of reinforced concrete structures under transient 
forces, particularly those due to earthquake loading. 
In order to accomplish this objective, a number of idealizations such as ge- 
ometry, boundary conditions and loading are to be made. Various characteristics 
of each idealized component are identified according to their physical properties 
using the laws of mechanics. 
The finite element method is the most versatile and powerful method for 
modelling the geometry and loading. Identification of the characteristics of each 
modelled component depends on the availability of relevant mechanical proper- 
ties. For example, the experimental data available for cracked reinforced concrete 
under impulsive loading does not suffice for the post-cracked 
behaviour of con- 
crete to be idealized. 
The principal aims of the thesis can be summarized as follows: 
" To present the finite element formulation for the spatial 
discretisation of 
reinforced concrete structures and to review the 
finite difference formulae 
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for solving the simultaneous equilibrium equations of motion in dynamic 
problems. 
" To review the available experimental data on the behaviour of concrete 
loaded at high strain-rates. 
9 To develop a history-strain-rate-dependent constitutive model for concrete. 
" To review existing models for predicting the non-linear behaviour of rein- 
forced concrete structures under rate-sensitivity loads and the strain-rate- 
dependent parameters used to describe the mechanical property of the ma- 
terial. 
" To develop a model for the effects of strain-rate on the compressive and 
tensile strengths of concrete, the initial modulus of elasticity, the tangent 
modulus of elasticity and the peak strength of concrete. 
" To present a rate-dependent formula in viscous problems for determining 
the rate-dependent parameters. 
" To review the numerical algorithms currently used for solving dynamic prob- 
lems and to assess their accuracy and stability. 
" To discuss the appropriate method for the numerical dynamic analysis of 
structures under short, medium and long loading duration. 
" To develop an efficient numerical algorithm with the appropriate accuracy 
and the minimum computational effort for solving short and 
long duration 
dynamic problems. 
" To develop a versatile flexible and comprehensive computer program 
for the 
numerical dynamic analysis of reinforced concrete structures. 
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1.1.3 Lay-out of the thesis 
Chapter 2 starts with a discussion of the available experimental observation of 
concrete under dynamic loading. The increase in the initial modulus of elas- 
ticity, the tangent modulus of elasticity, Poisson's ratio, the peak compressive 
and tensile strength of concrete under time-dependent loading are shown. The 
chapter continues with an explanation of the classical theories for predicting the 
non-linear behaviour of reinforced concrete. Damage-based models in which ini- 
tiation and propagation of microcracks are monitored by a damage function are 
discussed. Perzyna's visco-plastic model [119], adopted in this study, is discussed 
and assessed. The next section of the chapter is devoted to a description of 
the mechanical characteristics of concrete and reinforcing steel. The constitutive 
laws for pre- and post-cracked concrete, the existing failure criteria, the proposed 
failure surface are the subjects of the next sections. 
The proposed rheological model for concrete and the proposed model for pre- 
dicting the effect of strain-rate on the rate-sensitive parameters, the proposed 
formulae for the fluidity parameters and the incremental form of the proposed 
uniaxial model are discussed in subsequent sections. The chapter closes with a 
description of the rate-sensitive function for reinforcing steel. 
In chapter 3, the spatial discretisation, mass discretisation and the method 
for 
producing a lumped mass matrix from a consistent mass matrix are 
discussed. A 
new formula for producing a lumped mass matrix from a consistent mass matrix 
for square and rectangular elements is proposed. 
Chapter 4 starts with a description of the eigenvalue problem and the super- 
position method. The contribution of higher modes to the structural response 
is 
discussed and illustrated with an example. The next section 
is devoted to finite 
difference schemes. The direct integration methods in the 
form of implicit and 
explicit algorithms, and the mixed explicit-implicit algorithms are 
the subject of 
the next sections and some of the currently used numerical methods are 
discussed. 
The chapter closes with a description of the non-linear solution 
techniques. 
Chapter 5 starts with explanation of some general items and the 
background 
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to dynamic solution techniques. The assessment of the accuracy and stability 
of a number of numerical algorithms discussed in chapter 4 is given in the next 
section of this chapter. Attention is focused on the assessment of the stability 
conditions for implicit and explicit algorithms and the response inaccuracy caused 
by artificial algorithmic errors. The efficiency of the currently used numerical 
algorithms, with and without numerical dissipation and dispersion, are assessed 
and demonstrated graphically. Errors due to spatial discretisation are the subject 
of the next section. The chapter closes with a description of the stability condition 
due to material non-linearity and visco-plastic strain approximation. 
Chapter 6 starts with a brief explanation of the formulae used in the proposed 
model for predicting the concrete behaviour under dynamic loading and continues 
with an explanation of the program structure and flow chart. The next section is 
devoted to the analysis of the compressive and tensile specimens of Hatano [10] 
and the compressive specimen of Ahmad [21]. 
The dynamic analysis of a simply supported reinforced concrete beam sub- 
jected to two suddenly applied concentrated loads is the subject of the next 
section. The chapter closes with the dynamic analysis of a clamped circular 
reinforced concrete slab under a ramp loading and a discussion of the results. 
Chapter 7 starts with an explanation of the governing equations for modal 
superposition method, the Newmark implicit and explicit methods, the mixed 
implicit-explicit algorithms. The next section is devoted to a description of 
the proposed variable implicit-explicit algorithm. The accuracy of the above- 
mentioned methods are assessed and a simply supported beam under a harmonic 
load is analysed using using different methods. The spectral mid-span deflection 
of the beam obtained from the traditional mixed implicit-explicit scheme is com- 
pared with that of the proposed algorithm. The chapter closes with an analysis 
of a shear wall under an analytical earthquake loading. 
Chapter 8 gives the conclusions obtained through this study and some recom- 
mendations for further research are made. 
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Chapter 2 
A Numerical Model For Plain 
Concrete Under Transient 
Loading 
2.1 Introduction 
As a result of the inability of linearly elastic analysis to predict the behaviour of 
reinforced concrete structures, investigations into its non-linear behaviour have 
been the subject of a great deal of both experimental and theoretical research in 
the last two decades. The result is that there now exists a good understanding 
of most of the basic mechanisms at work when a reinforced concrete member is 
subjected to various types of loading. 
To be reliable, any analysis must be capable of predicting a number of different 
failure mechanisms and also must be sufficiently discriminating so that the failure 
mechanism which would occur in the physical structure is the one which the 
analysis predicts. 
In a non-linear finite element analysis, the failure mechanism and the 
load 
at which it occurs can be influenced by many factors. Some of these are: ele- 
ment type, mesh size, load type, concrete cracking and crushing, 
failure criteria, 
aggregate interlock, bond slip, action, time- dependent effects and reinforcement 
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yielding. Hence, a comprehensive analytical model should synthesize such phe- 
nomena along with any geometric effects if necessary in such a way that the 
afore-mentioned reliability is achieved. 
The advent of computers and powerful numerical methods such as the finite 
element method have facilitated incorporation of such models into computer pro- 
grams and, as a result, many sophisticated material models have been developed. 
These include: non-linear elasticity-based model [1], plasticity-based models [2, 
3], boundary-surface plasticity models, and damage-mechanics based model [4, 
41]. It should be mentioned that a significant scatter in experimental response 
is common even for identical specimens tested under identical conditions and the 
scatter becomes more in the case of dynamic tests. 
Under extreme conditions, a structure may be deformed well beyond its lin- 
early elastic range and hence a non-linear analysis becomes necessary. 
Plain concrete exhibits non-linear behaviour in two major ways. First, ten- 
sile cracking produces a softening and directional material and is often the most 
important non-linear effect. Indeed, one could say, cracking is "the" dominant 
non-linear effect in reinforced concrete. Secondly, the stress-strain curve for con- 
crete under compression becomes increasingly non-linear in uniaxial compression 
at stresses in excess of about 70% of the maximum stress [76]. 
The dynamic behaviour of concrete is relatively complex, particularly at high- 
rates of loading. Experimental data is very scarce because of the expense. So, 
until recently, the available constitutive models prohibited any realistic analytical 
modelling. 
The objectives of this chapter are summarized as follows 
" To review the experimental observations of concrete loaded at various strain- 
rates. 
" To review the existing elastic-based, plastic-based, visco-plastic-based the- 
ories and damage modelling for predicting the behaviour of concrete, rein- 
forcing steel under both static and strain-rate loading. 
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" To review the currently used methods for modelling the pre-cracked and 
post-cracked behaviour of concrete and also fracture mechanics under static 
and dynamic loading. 
" To present the work carried out on the uniaxial and multiaxial compressive 
behaviour of concrete under static loading. 
" To simulate progressive concrete cracking and the strain-rate-dependent 
behaviour of pre-cracked concrete. 
" To incorporate strain-rate-dependent parameters to enable the prediction of 
a reliable time-history-dependent response of reinforced concrete structures 
under medium strain-rate compatible with those of seismic effects, despite 
the shortage of experimental data. Attention has been focused on history- 
strain-rate-dependent modelling of the uniaxial and biaxial behaviour of 
concrete in compression. 
" To model the rate-dependent parameters such as the initial modulus of 
elasticity, the secant modulus of elasticity, the tangent modulus of elasticity 
and the peak strength. 
" To develop a formula which enables the prediction of the history-strain-rate- 
dependent behaviour of reinforced concrete in two-dimensional problems. 
The chapter starts with a review of experimental observations of concrete under 
dynamic load and continues with a description of classical constitutive theories, 
such as, elastic theories, fracturing theories, damage theories, plastic and visco- 
plastic theories. In the next sections the mechanical properties of concrete, 
the 
rate-effect on rate-dependent parameters of concrete and steel will 
be discussed 
in two parts. 
The mechanical properties of plain concrete under uniaxial and 
biaxial load- 
ing, the constitutive laws for pre-cracked and post-cracked concrete 
in tension 
and compression are discussed in the first part. 
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In the second part, discussion starts with the effect of strain-rate-dependency 
of the relevant parameters such as modulus of elasticity, peak stress, peak strain, 
Poisson's ratio and ultimate strain of plain concrete in compression and the strain- 
rate-sensitive functions in tension. The proposed rheological model is explained in 
the next section. The proposed formula for predicting the strain-rate-dependent 
uniaxial stress-strain relation which includes an increase in the initial modu- 
lus of elasticity with increasing strain-rate and the proposed multiaxial model 
for predicting history-strain-rate-dependent behaviour of reinforced concrete are 
discussed in subsequent sections. The chapter closes with a description of the 
constitutive equation used for the reinforcement. 
2.2 Experimental evidence for rate-effect 
Despite the large number of experimental studies on the behaviour of concrete 
that have been carried out over a considerable period of time, knowledge about its 
physical and mechanical properties is still deficient, particularly under dynamic 
loading. The heterogeneous structure of concrete, the difficulties of experimental 
testing and the expense of the tests are some of the reasons for its difficulty. 
Poisson's ratio is influenced by strain rate Figs. 2.1 and 2.2 and will be 
discussed later on. 
Concrete exhibits a significant increase in both the strength and the stiffness 
when at an increased strain-rate Figs. 2.2- 2.20. Experimental data on the 
properties of concrete subjected to high strain-rates have been reported by various 
investigators, such as [4-10]. 
2.3 Concrete strain-rate- sensitive parameters 
In this section, rate effects on the following strain-rate-sensitive parameters are 
explained briefly. 
" Poisson's ratio. 
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" Peak Tensile Strength. 
" Initial, Secant and Tangent Modulus of Elasticity. 
" Peak Compressive Strength. 
" The strain at peak compressive strength. 
9 The ultimate strain. 
The Poisson's ratio for concrete under static uniaxial compressive stress ranges 
between 0.15-0.22, with 0.2 being representative [11]. Under uniaxial loading, 
the ratio of lateral strain to principal compressive strain remains constant until 
approximately 80% of peak stress f,, there-after, the apparent Poissons's ratio 
begins to increase [11]. 
Takeda and Tachikawa [9] have carried out experimental observations to study 
the rate-dependent parameters on concrete. They observed both an increase in 
tension strength and in the secant modulus measured at the peak stresses. Mea- 
surements were also taken of the lateral strains and an increase in the Poisson' 
ratio with increasing strain-rate for tensile tests was noted. However, in compres- 
sive tests, the Poisson's ratio decreased with increasing strain-rate. Figs. 2.1 A 
[4] and B [9] show the effect of strain-rate on the apparent Poisson's ratio. 
In the experimental observations of Takeda et al. [9], the initial modulus of 
elasticity with increased loading rate was found to remain approximately con- 
stant, while the secant and tangent modulus of elasticity measured at the same 
strain-rate were observed to increase with increasing strain-rate [7,9]. However, 
Mander et al. [12], Hatano [10], and Bazant et al. [6] have found that the initial 
modulus of elasticity changes with increasing the rate of strain. 
Many investigators have conducted experiments to study the rate effect in 
both tension [4,10,12,13,14,15] and flexure [5,6,9,12,14]. The experimental 
evidence indicates that the rate sensitivity of tensile strength is noticeably 
higher 
than that of compressive strength and that the rate sensitivity of flexural strength 
is in between that of tensile and compressive strength [4,15], as shown in Fig. 
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2.2 [4]. It was concluded that the ultimate tensile and compressive strength of 
concrete under strain-rate is primarily related to the strain-rate effect on cracking. 
Figs. 2.3 , 
2.4,2.5 and 2.6, illustrate the rate effect on tensile strength of concrete 
and Fig. 2.7 shows a bounding strain-rate-effect on tensile strength of concrete 
[15]. Strain-rate effect on tensile strength for three types of concrete mix carried 
out by Hatano et al. [10] is illustrated in Fig. 2.8. 
Experimental evidence has also confirmed that the compressive strength of 
concrete is influenced by strain-rate and it increases with increasing strain-rate. 
Figs. 2.9 A and B illustrates the maximum compressive stress versus strain rate 
for two aggregate types carried out by Malvern et al. [17] and Figs. 2.10 and 2.11 
show the effect of water/cement ratio on rate-dependence in compression carried 
out by Jawed et al I18] and Hatano et al. [10] respectively. Figs. 2.12,2.13 and 
2.14 show the strain-rate effect on compressive strength of concrete. 
The effect of strain-rate on flexural strength of concrete is shown in Figs. 2.15 
and 2.16 respectively. The secant modulus of elasticity also has been observed 
to be strain-rate-sensitive as shown in Fig. 2.17. Fig. 2.18 gives the results of 
experimental observation carried out by McHenry and Schideler [19] showing how 
the compressive strength of concrete is affected by rate of loading. 
The ultimate strain of concrete has been observed to increase with increasing 
strain-rate [20]. Fig. 2.19 show the stress-strain curve obtained for static and 
dynamic compressive loading reported by Curbanch et al. [20]. 
The experimental results obtained from plain and transversely confined con- 
crete subjected to strain-rates between 32 microstrains/sec a quasi-static test, 
10 000 microstrains/sec and 30 000 microstrains/sec carried out by 
Ahmad and 
Shah, [21] show that for both plain and hoop confined concrete in compression, 
there is an increase in the values of secant modulus of elasticity, peak stress and 
peak strain for high strain-rates Fig. 2.20. As can be seen the peak strain 
in com- 
pression increases with increasing strain-rate. An experimental ultimate 
dynamic 
strain EU has been proposed by Raid H. L. [22] in the form 
Eu = . 00350 - . 00003 x+ . 
000114(ßp - 
J) (2.1) 
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where, op is the dynamic peak strength. Both op and fý are in kips. Both the 
compression and tension strength of reinforcing steel also have been observed to 
increase with increasing strain-rate Fig. 2.21 [23] and 2.22. [24]. In contrast to 
concrete, the rate effects on steel are approximately equal in tension and com- 
pression. 
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2.3.1 A review of classical constitutive theories and their 
application for concrete 
In this section, the classical constitutive theories currently used and their appli- 
cation are reviewed. The effectiveness and applicability of these theories in pre- 
dicting the observed behaviour of concrete and reinforced concrete under static 
loading will be discussed. 
2.3.2 Elastic models 
One of the models widely used to represent the behaviour of concrete under 
general types of loading during the past decades is based on elasticity theory. 
This approach may be categorized on the basis of the state of the stress that is 
modelled (uniaxial, biaxial and triaxial) and the form of constitutive relations. 
The degradation of concrete stiffness under loading is characterized through two 
different types of Hookean formulations: 
" Finite (or total) material characterization in which the secant-strain formu- 
lation is used. 
" Incremental (differential) material descriptions in which the stress- strain 
relation is modelled in tangential form (termed as hyperelastic model) which 
will be explained in the next section. 
Hyperelastic model(Green elastic) 
The classical form of hyperelasticity theory is based on the existence of a strain 
energy potential (W) which for the isotropic case is expressed as a scalar function 
of the strain invariants Il, 12, and 13. The constitutive relations for a hyperelastic 
material can be expressed as 
o"ij = 
aW (2.2) 
aE=; 
or 
Tij = CijklEkl (2.3) 
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where C=jkl is a function of stress-state. It can be seen that stress and strain 
are related one to one, hence this approach yields tangents which are identical 
in loading and unloading. Hyperelastic models also exhibit time-independent 
behaviour. Despite these shortcomings, they can model many concrete charac- 
teristics such as non-linear dilatation and strain or stress induced anisotropy and 
have been used for concrete [25]. In the model developed by Cedolin et al. [26], 
the constitutive law was constructed by using strain dependent bulk and shear 
moduli. The bulk modulus and shear modulus were assumed to be dependent 
on the first strain invariant and second strain invariant respectively, assuming 
the path independent of the strain energy function thus, making it a hyperelastic 
constitutive law. 
2.3.3 Hypoelastic model 
This type of constitutive relation is used to model the behaviour of materials 
in which the state of stress depends upon the current strain as well as on the 
stress path followed to reach that state. In general, the constitutive relations for 
a hypoelastic material can be expressed in a rate form 
oij = Fei(Ekl, 0-rnn (2.4) 
However, most hypoelastic formulations are based on a simplified constitutive 
law which exhibits time-independent behaviour. The general linearly incremental 
form of such a hypoelastic constitutive law can be written as 
dQij = CijkldEkl (2.5) 
where C, jkt is the fourth-order tangential material stiffness tensor that 
depends 
on the stress and/or strain tensor. Hypoelastic models of various orders can 
be 
formulated depending upon the degree of dependence of Ctjkz on the components 
of the stress tensor o. Coon [27] obtained reasonable agreement with uniaxial 
and biaxial tests for concrete, using a first order theory assuming 
C- kl a linear 
function of a=j . 
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Total stress/strain theory (Cauchy elastic) 
In this approach, the stresses and strains are related by a unique relationship 
given by 
o-_j = Fij (Ek! (2.6) 
The total stress/strain model can be considered as a generalization of the hypere- 
lastic model where the existence of a strain energy function is not postulated. The 
weak point of this approach arises from the point that the path independency of 
the strain energy is not guaranteed, which may be in some loading and unloading 
cycles in violation of the first law of thermodynamics. Using this theory, Kupfer 
and Gerstle [28,29] have expressed the bulk and shear moduli as functions of 
the second invariant and obtained good agreement with biaxial test results for 
concrete. 
Palaniswamy and Shah [30] obtained close agreement with triaxial test results 
for concrete by expressing the bulk modulus as a function of the first stress 
invariant. 
2.3.4 Plasticity based model 
It is well known that, concrete undergoes irreversible strains particularly at high 
stress level while the previously discussed constitutive theories (with some excep- 
tions) exhibit reversible behaviour. The theory of plasticity appears to be well 
adapted for modelling such material behaviour which will be reviewed in this 
section. 
Flow theory of plasticity 
This theory is based on the hypothesis of a loading function also called 'the yield 
surface' which encloses all stress-states under which the incremental behaviour is 
elastic. The loading function, which is dependent upon the current state of stress 
o-ij and a number of hardening parameters k, can be expressed as 
F(o-=;, EP, k) =0 (2.7) 
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Once the stress reaches the loading surface, plastic behaviour can occur and 
failure occurs when the loading surface reaches the failure surface [2,31,32]. 
Yield criterion 
The yield criterion determines the onset of plastic deformation and can be written 
in the general form 
F(o- ,¬» k) =f (o , ¬; ) - Y(k) (2.8) 
where f is the yield function which depends on the stress o_j and plastic strain 
components e,, Y is the yield stress which may be related to the material history 
and is constant in perfectly plastic material and k is the hardening parameter. 
Considering only isotropic plasticity ¬j is dropped in Eq. (2.8) which leads to 
F(o, =;, K) =f (mot; ) - Y(K) (2.9) 
The behaviour is elastic if F<0 and plastic if F>0. Since the material 
behaviour is physically independent, the yield criterion is expressible in terms of 
any set of stress . 
Many geometrical forms of loading surface have been proposed throughout the 
years. The Von-Mises and Modified Von-Mises criteria, under the assumptions 
of associated plasticity [2,33] Fig. 2.23, has been widely used successfully 
for 
metals. Bhattachar and Weisgerber [34] have carried out some finite element 
analysis of reinforced concrete structures based on the Von-Mises criteria. 
The Von-Mises criteria in terms of principal is written as 
[(Ol 
- 0'2)2 + (0'2 - U3)2 
+ (U3 - 0'1)2]h/2 = Y(K) 
(2.10) 
The Drucker-Prager surface in principal stress space is clearly a right-circular 
cone whose meridian and cross section on 7r plane are shown in 
Fig. 2.24 and has 
the form 
a(O'1 -}- 0"2 +'73) + 
{[(O"l - 0'2)2 + (0*2 - 0*3)2 + (0,3 - 0,1)2]/6}1/2 = 
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A yield surface based on Dracker-Prager has been proposed by William and 
Warnke [35]. Green and Swanson [36] have used the Drucker-Prager yield surface 
combined with a volumetric-dependent cap surface. A loading surface which is 
elliptic in the octahedral plane and also exhibits 0 dependence shown in Fig. 2.25, 
has been proposed by Nilson [37]. Both stress and strain history-dependence can 
be exhibited using the flow theory of plasticity. Stress induced anisotropy can 
also be incorporated. However, the material softening observed in concrete and 
time-dependent behaviour can not be modelled by the flow theory of plasticity. 
Tresca states that the yielding of the material begins when the maximum 
shearing stress at a point reaches a critical value k which in principal stress is 
written as 
O'1 - 0'3 =2k (2.12) 
Mohr-Coulomb states that the failure is governed by the relation, 
1 'r 1= f (0-) (2.13) 
where the limiting shearing stress r in a plane is dependent only on the normal 
stress o in the same plane at a point. Fig. 2.26 
(o 
- o'3/2 + sin 0(Q1 + cr3)/2 =c cos 0 
2.14) 
in which c is the cohesion, 0 the friction angle and 
Hardening rule 
The Hardening rule establishes conditions for subsequent yielding from the pre- 
vious plastic straining. The hardening rule is commonly modelled by either 
" Isotropic Hardening [2] in which the yield surface is assumed to expand 
" Kinematic Hardening [2] which corresponds simply to a translation pre- 
serving the initial shape. However more complex hardening rules may be 
obtained by a combination [2] of the above. 
For simplicity, only isotropic hardening is considered which may be defined in 
two ways, 
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" Work Hardening Wp in which 
WP =f o-=; dj (2.15) 
where o is the stress and deb is the plastic change and 
* Strain Hardening in which the yield stress Y depends on the effective strain 
4 [2] 
¬f f=f [2/3(d¬ d x)]1/2 (2.16) 
The effective stress and effective strain will be explained in the following sections. 
Flow rule 
The flow rule relates stress to plastic strain increments and is assumed to be 
proportional to the stress gradient of plastic potential 
d¬ =d. \aQ (0T 1j 
(2.1? ) 
where dA is a non-negative factor called the plastic multiplication. If Q is assumed 
to be equal to a particular yield function f then 
dE? ý = dA 
a. f 
ac-tl 
(2.18) 
This equation is called the ' associated flow rule' [2] and implies a normality 
condition between the plastic strain increment and the yield surface in principal 
stress space. 
Matrix formulation 
In this section the basic expressions of the previous section will be presented in 
a matrix form suitable for numerical treatment. 
Assuming a three-dimensional isotropic hardening continuum we can write 
F(o, k) =f (a) - Y(k) =0 (2.19) 
Equation (2.19) may be written in incremental form as 
dF = (af )T do- - dY/dk. dk =0 (2.20) a0- 
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do- = D(de - d¬p) = D(de - dAaf) (2.21) a(T 
where o= {mss, o7 a-=, o-1_, o.: s, ozy}T , and D is the usual 6x6 material stiffness 
matrix denoting a=ä and A= dý dk dk leads to 
aTDd¬ da = (2.22) 
f1-ß- aT Dd 
and 
do- = Depde (2.23) 
where 
Dep =D- 
DaaTD 
(2.24) 
A+aTDa 
A general procedure for developing the incremental stiffness matrix for an 
elasto-plastic material model with multiple intersecting yield surfaces has been 
proposed by Lade and Nelson [381. In their approach, each surface has its own as- 
sociated or non-associated flow rule and is assumed to depend on work-hardening 
or work-softening effects. According to this procedure, models with up to five 
independent, simultaneously activated yield surfaces may be incrementalised. 
An elasto-plastic model with a non-associated law has been proposed by Bar- 
ros [391 for structural analysis problems. 
Many elasto-plastic models for structural analysis problems have been pro- 
posed by investigators [38,40-42,44-491. 
2.3.5 Endochronic theory 
This theory is suitable for application to concrete for two reasons, firstly, the 
inelastic strains are obtained directly from the evaluation of a measure of irre- 
versible damage referred to as intrinsic time, secondly, the ability of the theory 
to describe material 
Valanis [49] proposed the theory for describing the mechanical behaviour of 
concrete. A pseudo time-scale was introduced in which the intrinsic time 
ý was 
defined as 
E dý 
ý_Jo (2.25) 
f() 
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where f (ý) is a history-dependent material function. The value dý is related to 
the real time increment by 
dý2 = a, *jk1dEij dEkt + ao(dt)2 (2.26) 
where atjkl is a material tensor and ao is a constant. The constitutive relations 
can be obtained by using the pseudo-time measure ý instead of t in Eq. (2.26), 
as 
0-1 + RI kl 
a6k1 
dý (2.27) 
o 
Bazant [50] has developed the endochronic theory for concrete using a generalized 
Maxwell chain model which was capable of exhibiting strain hardening/softening, 
hysteresis effects, hydrostatic pressure sensitivity of inelastic strain, and the in- 
elastic observed in concrete. 
In spite of the fact that endochronic theory presents the possibility of mod- 
elling many of the material characteristics observed in concrete, the requirement 
of determining a large number of material parameters is the biggest drawback of 
the method. 
2.3.6 Progressive fracturing theory 
The constitutive models for the endochronic theory discussed above are not ca- 
pable of exhibiting the progressive loss of stiffness. Dougill [51] developed a 
progressive fracturing theory which is well suited for modelling such softening 
behaviour. In the model the relations for loading and unloading are 
o2; = Ci; ki¬11 (2.28) 
= CijklEkl + CijklEkl =j-oj (2.29) 
In this theory, the unloading is assumed to be elastic without fracturing. 
In the next section concrete properties in tension and compression will be 
explained. 
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2.4 Concrete in tension 
2.4.1 Uniaxial behaviour of concrete in tension 
Uniaxial tensile is commonly evaluated by either 
" the split test or 
" the modulus of rupture (flexural-tensile strength) or bending test. 
The flexural-tensile strength determined from a modulus of rupture test tends to 
be higher than the tensile strength of a split cylinder which in turn tends to be 
higher than the tensile strength obtained from a direct tension test [52] . 
The tensile strength can be expressed in terms of the cylindrical compressive 
strength of concrete. Stevens and Collins [531 have recommended the following 
relation 
11 0 ft = . 33. \/f, 
(2.30) 
where ft is the ultimate tensile strength in ksi and f, is the cylindrical compressive 
strength of concrete in ksi. 
Although the higher strength concretes appear to be relatively brittle, the 
lack of a descending branch may be more a function of the testing machine than 
of the material [54]. 
Johnson [55] found that, the ratio of uniaxial tensile strength to compres- 
sive strength ranges from . 05 
for high-strength concrete to about 0.1 for a con- 
crete of medium strength. It was found that the tensile-strength is influenced by 
the aggregate type and calcareous aggregate increases the tensile strength while 
siliceous aggregate decreases the tensile strength of concrete. The tensile stress- 
strain curve is typically shown in Fig. 2.27. However, the above relations give 
an approximation due to scatter of test results. Fig. 2.27 shows the scatter in 
experimental data of split cylinder strength versus the modulus of rupture. 
e 
I 
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2.4.2 Pre-cracked concrete 
In most finite element analyses of reinforced concrete structures, elastic behaviour 
for concrete prior to the crack formation has been adopted [56-59]. This assump- 
tion could be reliable in monotonic static loading, however, Yankelevsky et al. 
[60] have observed some non-linearity for plain concrete. The flexural tensile 
strength determined from a modulus of rupture test tends to be higher than the 
tensile strength of a split cylinder, which in turn tends to be higher than the 
tensile strength obtained from a direct tension test. An elastic behaviour has 
been adopted for pre-cracked concrete in this study. 
2.4.3 Crack modelling in concrete 
The development of constitutive models for the description of cracks in reinforced 
concrete structures is presently a field of rapid progress. This interest is brought 
about partly by the related important theoretical aspects, such as: uniqueness, 
stability, size effects and localization, and partly by the practical implications 
since the main damage to concrete structures is often caused by cracking. 
In modelling reinforced concrete structures, initiation and propagation of 
cracks which are the major source of non-linearity must be represented properly. 
Cracking is assumed to occur on the plane of maximum principal stress when 
this maximum principal stress reaches the ultimate tensile strength ft then after, 
the concrete behaves as an orthotropic material. 
Methods of incorporating this mode of failure include plasticity-based models, 
plastic fracture models and the simple tension cut-off model 
[2]. The simple 
tension cut-off model is the most popular one and the basis for a cut-off may be 
strength, maximum strain or energy. 
Cracks may be represented in two distinct ways in a finite element procedure. 
The discrete crack model pioneered by Ngo and Scodelis [61] represents cracks 
as discontinuities. Although the discrete model can indeed trace the 
detailed 
features of concrete cracking, the application of this approach has received 
limited 
acceptance due to two reasons: 
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1. difficulty in redefining the crack topology. 
2. the excessive computational effort. 
Thus, an alternative approach, the so-called 'smeared model' has become more 
popular. This approach originally introduced by Rashid [62], has the advantage 
of permitting automatic crack propagation with a relatively small computation 
cost. Also it offers a complete generality in predicting the crack directions inde- 
pendent of mesh configuration and element type used in the analysis [63]. The 
smeared crack approach has nevertheless a drawback in its dependence on the 
finite element mesh size as pointed out by Bazant and Cedolin [64,65]. More- 
over, particularly in an element, the stress states at the Gauss integration points 
used for the evaluation of the stiffness matrix are more accurate compared with 
the discrete approach [66]. Barlow suggests that more reliable detection of cracks 
is possible with this model. Fig. 2.28 and 2.29 show the discrete and smeared 
representation of a single crack respectively. 
For smeared cracking, two interrelated concepts 'tension stiffening' and 'ten- 
sion softening' have been introduced [40,56] and are explained in the next section 
briefly. 
Post-cracked concrete 
The simplest procedure for modelling the cracking of concrete is based on the 
tensile strength failure criterion in which the strength in the direction of maximum 
tensile stress is allowed to vanish suddenly at cracking. However, in this approach, 
as the finite elements are made smaller the tensile stress in the element ahead of 
the crack becomes larger, so that the crack grows at a lower level of applied load, 
hence the crack propagation has a fictitious dependence on mesh size as, pointed 
out by Bazant [63]. The post-cracked behaviour of plane concrete is modelled in 
literature by several methods such as: the " fictitious crack model" of Hillerborg 
et al. [67] and the " crack band model " of Bazant and Oh [65]. The latter is a 
two-parameter model, i. e. tensile strength and fracture energy, which is given by 
the area under the o-W curve where W is the crack width, and can be obtained 
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from test data as a material property, and the former is a three-parameter model 
(tensile strength, fracture energy and size of process zone) which are considered 
to be material parameters. A typical fracture process zone is shown in Fig. 2.30. 
Non-linear fracture mechanics pioneered first by Hillerborg [67] is based on 
the initiation of crack at the maximum tensile strength which propagates with 
the formation of a fracture zone and its strength gradually decreases as shown 
typically in Fig. 2.31. In this approach, in addition to the tensile strength as a 
material property, the fracture energy which is the energy to be consumed per 
unit area should be evaluated experimentally which has been confirmed through 
an experimental observation by Ramoda et al. [68]. 
Concrete tension softening 
Plain concrete if tested in tension under displacement control in a stiff testing 
apparatus exhibits a descending branch in the load displacement curve [59,60, 
68] which is called "tension softening" Fig. 2.32. 
Based on the experimental data obtained from beams of width b, depth d, 
length L, and a notch of depth g, Nallathambi et al. [69] have suggested the 
following formula for evaluating fracture energy in the absence of exact test data. 
GI = 0.125[f 
2 
][9]0.173 
d 
]x. 631+o. 4(a/d) (2.31) 
EbL 
where f and E are the compressive strength and elastic modulus and g is the 
maximum size of the concrete aggregate and the parameter values are in N and 
M units. Bazant and Oh [65] have suggested use of the formula 
Gf = (2.72 + 0.0214 
j )FZg/E (2.32) 
where, FE is the tensile strength of the concrete and the parameters are in lb and 
inch units [50]. 
Based on a study on the effects of the shape of the descending branch of the 
tensile stress-strain curve carried out by Linda et al. [70] the performance of 
the linear, bilinear, discontinuous, and Dugdale tension softening representations 
were compared using a gird with 40 elements through the depth and a three- 
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element-wide non-linear zone. It was concluded that, both peak load and the 
corresponding displacement vary with the descending branch shape, typical ex- 
amples of which are shown in Fig. 2.33. The discontinuous model is the most 
flexible for the ascending branch of the curve, while the bilinear, linear and Dug- 
dale models are successively stiffer. 
The approach to model post-cracked behaviour of concrete is called the "fixed 
crack model" if this direction is fixed (adopted in this study) and is called the 
"rotating crack model" if the principal material axes can be given a rotation to 
coincide with the principal stress and strain directions, and is explained in the 
nest section. 
Concrete tension-stiffening 
When reinforced concrete cracks, some of the tensile force is transferred to the 
reinforcement. The effect of tension retained in the concrete is called "tension- 
stiffening" [71,72]. Considerable scatter is exhibited in test data on tension- 
stiffening as shown in Fig. 2.34 and 2.35 [711. 
Tension-stiffening can be modeled in two ways: 
" In the first method, it is assumed that the tensile strength in concrete 
reduces gradually to zero after tensile cracking is initiated 
[66], thus tension 
stiffening increases the fracture energy of the composite which is commonly 
used for simplicity. 
" In the second method, a modified stress-strain curve for steel is used 
("state- 
of-the-art" 1982 [74] ). 
Rotating crack model 
Under loading the initial cracking directions in the reinforced concrete elements 
may shift and new cracks can develop. However, the reorientation of 
the initial 
cracking direction may also occur in orthogonally reinforced concrete elements 
subjected to proportional loading 
[71]. Under proportional loading, if the element 
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reinforcement is isotropic but is located at angles different from X45°or9O° with 
respect to the principal loading directions or when the reinforcement is skewed 
with respect to the principal loading directions additional non-orthogonal cracks 
may develop. Changing the crack direction has been shown both experimentally 
and analytically for example Steven and Collins [53]. 
2.5 Concrete in compression 
Under low levels of compressive stress, the behaviour of concrete is linear elastic 
while for higher values of stress and under sustained loading it exhibits highly 
non-linear properties. However, this non-linearity decreases considerably under 
time-dependent loading such as impact or earthquake loading. Concrete exhibits 
higher strength under biaxial compressive loading than uniaxial loading. 
The Youngs modulus of elasticity of concrete varies with strength. It also 
depends on the properties of aggregates and cement, the rate of loading and the 
type and size of specimen. 
Since the curve in compression is non-linear, three definitions of the modulus 
of elasticity are commonly used 
" Tangent Modulus. 
" Secant Modulus. 
" and Chord Modulus. 
and are illustrated in Fig. 2.36. These three moduli have different strain-rate- 
dependent characteristics which will be explained in more detail in subsequent 
sections. 
As the result of a statistical analysis of available data, the empirical formula 
E= 33W'*' i (2.33) 
can be used for calculating the initial modulus of elasticity with reasonable accu- 
racy (ACI Code 318-77) where W is the unit weight of hardened concrete 
(between 
26 
90-155) in P/sf and fc is the cylinder strength in Psi, E is the initial modulus of 
elasticity (GPa). 
2.5.1 Mechanical properties of concrete in compression 
Using normal testing speeds (quasi-static loading) the shape of the stress-strain 
curve is similar for low, normal and high strength concrete and a slightly higher 
strain at the peak stress is exhibited as is shown in Fig. 2.37. As can be seen, 
lower-strength concrete has greater ductility than higher-strength concrete. On 
the descending portion, higher strength concretes tend to behave in a more brittle 
manner with the stress dropping-off more sharply. 
It is a well established fact that the failure of concrete under loads takes place 
through progressive internal cracking. In other words, the failure is the result of 
an essentially continuous material changing to an essentially discontinuous one 
[75]. Microcracks at the interface between coarse aggregate and mortar which are 
called 'bond cracks' exist in concrete before it is subjected to any load [76] and 
seem to be chiefly a result of volume changes during hydration and drying [76]. 
Above approximately 30% of the ultimate compressive load these bond cracks 
begin to increase in length, width and number with increasing strain. At about 
70% to 90% of the ultimate load cracks through the mortar begin to increase 
noticeably Fig. 2.38. The ultrasonic pulse velocity in the direction of loading has 
been observed to be constant until a fraction of 45% ultimate concrete strength 
[76]. It is deduced that the crack propagation in concrete starts at a fraction of 
ultimate loading. Fig. 2.39. shows the effects of microcracking on some concrete 
properties. 
Biaxial behaviour of concrete 
Many important classes of structures can be approximated as being in a state of 
plane stress such as beams, panels and thin shells. In modelling such structures 
test results under different combinations of loading are required. 
Unfortunately, 
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there are insufficient experimental data available under such condition for rein- 
forced concrete. It is postulated that the behaviour of concrete under biaxial 
loading differs from that of uniaxial [77,78,79]. Under compression-compression 
conditions, concrete exhibits an increased compressive strength of up to 1.25f, 
[80] which may be attributed to the Poisson's ratio effect, Fig. 2.40, while under 
biaxial tension concrete exhibits a constant [28,29] or perhaps a slightly increased 
tensile strength [80]. 
In the absence of much experimental information for triaxial and biaxial stress- 
strain behaviour of concrete, most of the analytical expressions for the peak 
strength envelope have been developed using the test results of Kupfer and Grestle 
28,29]. The proposed failure function also has been obtained by fitting the 
parametric failure function with Kupfer's test results [28,29], Fig. 2.41. 
As can be seen, the peak strength envelope is constructed from three main 
portions, compression-compression, compression-tension and tension-tension por- 
tion. 
Stress-degredation effect on concrete parallel to crack direction 
After cracking has taken place, the concrete parallel to the crack direction is still 
capable of resisting compressive force. 
Based on experimental observations [71] the principal compressive stress in 
concrete is found to be a function not only of the principal compressive strain 
but also of the co-existing principal tensile strain in the direction normal to 
the compression as shown in Figs. 2.42 A and B. The following relations were 
proposed 
fc2 
- 
fc2max[2( 
E2 
}- (62 )21 
U U/ 
J 
fr-2 
MaX 
fc 
1 
0.8 - 0.341 Co 
f 
C2 rnax 1.0 
fc - 
(2.34) 
(2.35) 
(2.36) 
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where ¬o is the strain corresponding to the maximum compressive stress so that 
increasing Eo will reduce fx. el is the cracked concrete strain. 
2.5.2 The constitutive law for concrete under uniaxial 
compression 
For the rational analysis of the reinforced concrete structures under consideration 
analytical equations for the complete stress-strain curve are necessary. Kent and 
Park [81] have proposed the stress-strain relationship for confined and unconfined 
concrete shown in Fig. 2.43. A linear descending part was assumed which seems 
not to be very accurate. Sargin [82] has suggested the following equation: 
_ 
AX+(D_1)X2 
Y 
1+(A-2)X +DX2 
(2.37) 
in which Y=s, X=ö where a and e are the stress and strain (7 Eo are the 
peak stress and peak strain respectively. Equation (2.37) is plotted in Fig. 2.44, 
for confined and unconfined concrete. As can be seen, it describes the stress- 
strain curve of confined concrete quite accurately while it is not so accurate for 
unconfined concrete. 
2.5.3 Proposed failure function 
The failure function can be written in general form as 
F(I1, J2) = aI1 + (ßI1 + 39J2)"2 (2.38) 
in which a, 3 and 0 are material constants which are evaluated by experimental 
data and Il J2 are the first stress invariant and second deviatoric stress invariant. 
Evaluation of material constants 
a, 3 and 0 can be evaluated from three stress tests using the analytical 
form 
proposed by Kupfer in the form 
(O. (x)/J + C. (y)/ f2 - o-(y)l. 
f 
- 3.65u(x)// = 0. (2.39) 
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" uniaxial compression test (o*y = o(z) = 0, o(xy) = 0., and o= -O ). 
" biaxial compression test in which (o(x) = a-(y), o(z) = 0., and (o"xy = (TxZ = 
0). The values 0.5 and 1.2543 are obtained using the formula proposed by 
Kupfer as shown in Fig. 2.41. 
9 biaxial compression test in which (o = May, o(z) = 0, ay = 1.25430(0), 
and (o-., y=a-xz=0). 
Substituting these conditions into Eq. (2.38) and solving the three equations 
the three unknowns are determined to be, a= -0.11749,3 = -0.129287,0 = 
0.90811. 
The two-parametrical form of the proposed criteria is in a good agreement 
with those of Hinton's criteria and is compared in Table 2.1. The proposed 
failure surface and failure criteria in stress-space is plotted in Fig. 2.45 A and B 
respectively. 
2.5.4 Crushing condition 
In order to account for the limited load carrying capacity of concrete, the ex- 
pansion of the loading surfaces is constrained such that beyond a certain point, 
perfect plastic flow occurs while the loading surface in stress space is fixed. This 
state continues until the ultimate deformation capacity of the concrete is reached 
and crushing occurs. 
The crushing type of fracture as a strain controlled phenomenon has been 
used by many researchers [41]. 
Kaar, Hanson and Capell [83] have plotted the ultimate strain for high strength 
concrete in reinforced concrete beams. They recommended the 
following curve 
to fit the data 
Eu = 0.00350 - 0.00003 fc 
where fý is in kips. 
(2.40) 
Cope and Rao [84] assumed a complete loss of strength when e>0.0035 . 
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Another method to determine the ultimate carrying capacity of concrete is 
the 'energy dissipation approach' which is an accumulated damage-based method 
[41J. 
Bicanic [41], employed a parameter k as the post-failure energy density in the 
form 
t 
k=Wp - WP= O'TEvpdt (2.41) 
ft 
, 
WP = 
f0 
o. T Evpdt (2.42) 0 
where, Wp is the inelastic work density, Wp is the dissipated energy density 
evaluated from the moment when the stress point reaches the ' bounding failure 
surface' and tf is the time when failure occurs. 
A failure surface in the strain space of the form 
= Eall + ßJ2 ü (2.43) 
where Il and J2 are the strain invariants and Eu is the total strain value which can 
be extrapolated from uniaxial test. The concrete is assumed to lose its strength 
when reaches the crushing surface. 
Biaxial tension and tension-compression 
Within the smeared crack model adopted in this study, the initiation of a cracking 
process at any location occurs when the concrete stress reaches one of the failure 
surfaces either in biaxial tension or in the tension-compression region as shown in 
Fig. 2.46 A and B. Thereafter, concrete is treated as an orthotropic material with 
principal axes normal and parallel to the crack direction. However, a reasonable 
assumption for simplicity is commonly accepted so that the principal axes are 
coincident with the principal strain. The stress-strain relationships associated 
with the cracked coordinates then become 
E1 00 
[D] =0 E2 0 (2.44) 
00 ßG 
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where El, E2 are secant modulus 0 is the shear retention factor with 0<0<1 
and G is the shear modulus of the cracked concrete. 
A reduced shear modulus OG is retained in the constitutive relation instead of 
dropping to zero due to aggregate interlock or shear friction and dowel action. 
Using a reduced shear modulus not only improves the realism of the cracking 
representation during the finite element analysis but also removes the numerical 
difficulties caused by the singularity of the composite material's constitutive ma- 
trix [85]. A constant value of ß= . 25 
has been used. 
Doubly cracked concrete 
Upon further loading of singly cracked concrete, a second set of cracks can form in 
the direction normal to the first set of smeared cracks. Thereafter, the stresses in 
both principal directions follow the tension-stiffening process already mentioned. 
2.5.5 Material modelling of reinforced steel 
In developing a finite-element model of reinforced concrete members three alter- 
native representation of reinforcement are commonly used. 
1. Smeared-steel. 
2. Embedded-steel. 
3. Discrete-steel. 
" In case (1) each layer of steel is distributed over the concrete element with 
a defined orientation angle and a composite concrete-reinforcement consti- 
tutive relation assuming perfect bond between steel and concrete is used. 
9 In case 2 which is usually used in higher order elements 
[86] the reinforce- 
ment bar is considered to be an axial member, built into the isoparametric 
element so that, its displacement is consistent with those of the element 
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and the bond also is assumed to be perfect. More information is given in 
[86 . 
" In case 3a one-dimensional bar element or beam element is superimposed on 
the two dimensional concrete element. The advantage of this representation 
is that the bond slip can be taken into account. The disadvantage of the 
technique is that the total number of nodal points becomes large because the 
element mesh pattern has to follow the location of the reinforcement which 
is not economical in large-scale problems particularly dynamic analysis. 
In contrast- to concrete, the mechanical properties of steel are well-known 
especially the uniaxial response. 
2.5.6 Constitutive equation for steel 
Steel modulus of elasticity 
The steel modulus of elasticity is generally taken as 2.1 x 106kg/cm2 [27]. 
Figs. 2.47 A and B, shows a typical stress-strain curve for a low-carbon steels. 
Stress-strain idealization 
For simplicity, the stress-strain relation of steel is idealized as shown in Fig. 
2.48 A, B and C. The type of idealization depends upon the accuracy required. 
However, it is necessary to determine experimentally the values of the stress and 
strain at the onset of yield, strain hardening and ultimate strain. 
A fully elastic-plastic response identical in tension and compression is assumed 
in the current study. Material unloading and reloading along a secant path are 
also permitted. This microcrack closing/ reopening behaviour is shown in 
Fig. 
2.49 for uniaxial tension and compression and an equivalent uniaxial compres- 
sive stress-strain model under unloading and reloading proposed 
by Darwin and 
Pecknold [87] is depicted in Fig. 2.50. 
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Matrix form of constitutive equation 
In order to assess the efficiency of currently used reinforcing models, reinforcing 
has been modelled using both the smeared method in which steel is smeared 
out over the element and the embedded approach in which the reinforcing bar is 
considered to be an axial member built into the concrete element in such a way 
that its displacements are compatible with those of the surrounding concrete. 
The dowel action of the reinforcing is neglected and perfect bond between steel 
and concrete is assumed. 
The material stiffness matrix for the steel in the material coordinates x, y in 
the smeared model can be written as 
pi Ey 00 
[D9] =000 (2.45) 
000 
where p; and E9 are the steel percentage and the modulus of elasticity of the 
reinforcement in the ith layer respectively. 
The total stiffness matrix is then determined by combining the component 
stiffness matrices using the appropriate transformation matrix 
[T}= 
cost B 
sine B - sine cost 9 
-2 sin 9 cos O2 sin 8 cos B cos' 0- sine 8 
sins 8 
cost B 
sin 0 cos 9 
Thus 
[D] = [T ]T [D], [T ]+E [TIT [D]st [T) 
determines the reinforced concrete stiffness in the global system. 
(2.46) 
(2.47) 
This type of reinforcing representation has been used successfully in much 
research work such as [73]. In the embedded representation of a reinforcement, 
the contribution of reinforcements to the element stiffness can be evaluated inde- 
pendently for each steel bar. The element stiffness matrix can be derived through 
the use of the virtual work principle based on the assumptions that 
" Reinforcing bar has stiffness contribution only in the longitudinal direction. 
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" Reinforcing is straight and has a constant cross-section area. 
The final expression of the element stiffness matrix has the following form 
K=K, +K, 
in which 
K3 = A, E3 
f BT TT Bdl 
i 
(2.48) 
(2.49) 
and K, KK and K3 are the stiffness matrices for overall composite, the concrete 
and the reinforcement respectively; A3 cross-section of the reinforcement T= 
[cos29, sin29, cos9sin9l, dl line segment along the reinforcement and B is strain- 
nodal displacement matrix. The integration of Eq. (2.49) is performed along the 
reinforcement between two points i and j as shown in Fig. 2.51. 
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Dynamic problems 
Finite-element analysis of reinforced concrete structures subjected to tran- 
sient force such as blast, impact, earthquake and nuclear accident loading has 
been studied extensively [41,89-103]. It is worthwhile to mention here that most 
studies have been limited to uniaxial behaviour of concrete due to lack of exper- 
imental data. 
The mechanical properties of cementitious composites have been observed to 
be sensitive to the rate of loading and this rate sensitivity has been attributed to 
the strain-rate effects on cracking. 
In the following sections, the constitutive models for dynamic problems, the 
strain-rate parameters modelling will be discussed and those of which would be 
useful for developing the proposed model will be identified. 
Before attempting dynamic analysis of concrete structures, it is important to 
determine to what extent the material properties are supposed to be strain-rate- 
dependent in the analysis under consideration. Although the experimental data 
in this field is scarce, most of laboratory experiments that have been undertaken 
to investigate the effects of strain-rate on the various properties of concrete were 
conducted at strain rates similar to those associated with earthquakes, wind and 
wave loading which are compatible with the aims of this study rather than blast 
and missile impact loadings . 
2.5.7 Constitutive models 
Visco-elastic-based model 
Most of the constitutive formulations discussed previously are incapable of pre- 
dicting the strain-rate effects observed in experimental investigations. However, 
long-term effects like creep or strain-rate-dependent description of material are 
predictable by a visco-elastic model. 
Use of rheological models to predict hysteretic behaviour of metals was pro- 
posed by Timoshenko [104. A model consisting of an elastic spring with a 
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Coulomb element in series was used. Iwan [105] used the same model with 
coulomb elements. 
Generalizing the Maxwell model for a solid material, constitutive relations can 
be developed which model the strain-rate-dependent behaviour of material. In 
the classical form of linear visco-elasticity, the stress at a given instant depends 
not only on the strain at that instant but also on the previous strain history. 
Bangash and England [106] have presented a three-dimensional formulation for 
creep which allows independent variation of irreversible and delayed recoverable 
strains with respect to temperature and time. 
Recently, a one-dimensional response for concrete under tensile loading based 
on a rheological model has been developed by Oh [107. The general equation 
used is 
do-t; = Dijkm (E, 0», E)dEivm (2.50) 
where do and dEk,, are the stress and strain increments D=jkm is strain function, 
and E is strain-rate. The equation for predicting the dynamic uniaxial tensile 
strength of concrete is 
Ftd = (1.95 - 
3.32(1 - E1.8)]Ft, 
2.2 + 3.261.8 
(2.51) 
where Ftd and Fto are the dynamic and the static tensile strength respectively. It 
has been claimed that Eq. (2.51) is valid up to rates of 1/s. 
Pozzo [108] proposed a rheological model for predicting the dynamic behaviour 
of concrete using linear visco-elasticity theory. It was demonstrated that visco- 
elasticity can not model the solid-friction type of dissipation that is prevalent in 
concrete. The rheological model which is useful in modelling the cyclic behaviour 
of concrete includes a frictional term of the form ; 
n 
rýE) _ý µiEi 
i-1 
(2.52) 
where µ= is the friction constant and IF is the dissipative stress. Pozzo's model 
[108] 
is illustrated in Fig. 2.52 Shah et al. [109,110] have also proposed a rheological 
model for cyclic loading of concrete in which strain softening path-dependency, 
stiffness degradation and the concept of envelope curve are 
incorporated. 
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A rheological model may be employed in strain-rate-dependent problems to 
simulate the plastic deformation process. In this approach, the friction slider 
component develops a stress op, becoming active only if o- >y where a- is the 
total applied stress, y is some limiting yield value and the stress 0d =a-o is 
carried by a viscous dash pot. 
A more elaborate material response can be modelled by the use of the so called 
'overlay mechanical method' [111] in which the solid to be analysed is assumed 
to be composed of several layers (or overlays), each of which undergoes the same 
deformation so that the total contribution of the overlays is equal to the applied 
stress. A family of rheological models such as visco-plastic, visco-elastic and 
visco-elastic -plastic may be modelled by this method. More detail is given in 
[111]. 
2.5.8 Visco-plasticity theory 
It is well known that in many practical problems the actual behaviour of a ma- 
terial is governed by plastic as well as by rheological-effects. Recent research 
concerning the description of dynamic properties of materials has shown that the 
application of plasticity theory in which rheological effects are disregarded, leads 
to large discrepancies between the theoretical and experimental results. The ad- 
vantages of visco-plasticity is the simultaneous description of the rheologic and 
plastic effects. 
This theory was originally developed from static data for metals to model 
the slip associated with metal crystalline solids. By addition of 
flow rules that 
incorporate viscous constants, these models have been extended to include strain- 
rate-dependent problems. 
Hinnerichs [112] developed a model based on the assumption that the elastic 
properties are constant, volumetric strains vary linearly or elastically 
below the 
limit surface and finally, the limit surface is pressure 
dependent. Using the incre- 
mental elastic- visco-plastic theory with the non-associated 
Drucker- Prager flow 
rule, the volumetric strains are controlled 
by a strain-hardening cap. The basic 
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equations are 
oj; = D(Ekl - Ekle) = Dekje (2.53) 
aQ 
E_; = Ad < «(F) > 80-tj (2.54) 
where oil is the stress, and the total strain is the sum of elastic strain with plastic 
strain 
E_j = Ee t7 
ý- i. 7 (2.55) 
t In the above equations, D the material stiffness, the deviatoric strain-rate. 
the volumetric strain-rate, Fa yield function, Q the plastic potential function 
and . 1d is the viscosity constants. 
Hinnerichs showed that the model is suitable in cases where the dilatation 
is not important, which occurs during uniaxial strain conditions and under high 
confinement. 
A strain-rate-dependent visco-plastic model has also been proposed by Ra- 
jendran et al. [113]. Internal state variables were used to model load histories of 
various metals at strain-rates of up to 100/s. In this model, the total strain-rate 
is decomposed into elastic and inelastic components 
"eP Ell = Etj + Eid (2.56) 
Stress rate and strain rate are related elastically, and inelastic strain rate is as- 
sumed to be a function of stress o-_j. Following Prandtl-Reuss 
EP=eP=AS=j (2.57) 
where er, is the deviatoric plastic strain rate, S23 the stress and A is the 
flow 
parameter. Inelastic strain rate is given by 
-(n + 1) [Z2]n 52) 
EP = Doexp( 2m 3jz 
) 
ß'J2 
(2.58) 
where Do limits the plastic strain rate in shear and n is a strain-rate sensitivity 
parameter. The state variable Z is a measure of overall material resistance 
to 
plastic flow and is loading history-dependent, which is given 
in the evolution 
form as 
2= m(Zi - Z)WP 
(2.59) 
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and 
2 
_Z1_(Z, _Zoe-mw 13 (2.60) 
where m an empirical parameter, 4'p the plastic-flow rate, Zo the initial value of 
Z, and Zi is the maximum value attained by Z. It was concluded that this model, 
which contains five material parameters (Do, Zo, Z1, m, and n) to be evaluated 
by high strain-rate experiments, is able to predict high strain-rate behaviour 
of metals in which the response is primarily governed by shear flow and slip 
along crystalline planes rather than concrete, where crack development is the 
predominant factor. 
An adaptive technique for the solution of the dynamic elastic-visco-plastic 
problem has been developed by Bajer et al. [114], in which the mesh is modified 
by the use of 'space-time element' method. The scheme appears not to be efficient 
in large scale problems due to refinement of the mesh. The use of the technique 
for the solution of two-dimensional non-linear problems of dynamic response has 
been examined by Sheu [115] in which the structure is divided into some sub- 
structures and a condensed stiffness matrix is used. 
A pseudo-visco-plastic method for non-linear analysis of static problems has 
been proposed by Smith and Griffiths [116,117]. A visco-plastic strain-rate has 
been in the form 
Ep =F 
aQ 
ah 
(2.61) 
In this method, strain increment is approximated explicitly using a critical time- 
step as 
(QEvp)i = (QEvp)i-t + Ot(dot¬"P)` (2.62) 
To ensure stability, the conditional time-step formulae derived by Cormeau [118] 
have been employed. It was shown through some examples that, a good agreement 
is obtained compared with Prandtl results. 
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2.5.9 Material elasto-visco-plasticity 
As explained earlier, the theory of visco-plasticity emerges as an attempt to pro- 
vide a realistic phenomenological approach to material behaviour combining plas- 
tic and creep effects in a unified model. A fundamental generalization of the 
theory has been produced by Naghdi and Murch [119] and has been modified by 
Perzyna [119,120]. An alternative model has been proposed by Phillips [119]. 
This model has been adopted in the present study and is explained in the 
next section. 
2.5.10 The yield criteria for a visco-plastic material 
'Flow surface' was introduced by Naghdi and Murch [119]. in the form 
f=f (O-=j, ¬, k, 3) (2.63) 
The function f depends on the state of stress o_j and the state of plastic strain 
1. The parameters k and 0 represent the strain-hardening and the viscous effect 
respectively. 
The time-variability of a flow surface can be written as 
f_ of Of p (2.64) ß kl 
If the instantaneous state under consideration at t =T- is denoted by ý, ekl, kT 
and 0T, the body is visco-elastic when 
(T fr i7 
0 f 
lýtj, Ekl, 
k, ß 
and visco-plastic when 
f(o , e1, k, ß)>o 
Therefore the equation 
(f 
J\ 07 
T 
tý) 
ET %C1 ,k7ß=0 
represents the instantaneous 'loading surface' corresponding to the state. 
(2.65) 
(2.66) 
(2.67) 
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2.5.11 Perzyna's elasto-visco-plastic model 
Perzyna [119,1201 has modified the constitutive equation proposed by Naghdi 
and Murch [119] based on the following assumptions 
" The flow surface f=0 in the nine-dimensional stress space is regular and 
convex. 
" In isotropic materials, the flow vector is normal to what Perzyna called the ' 
subsequent dynamic loading surface'. However, it is felt that the flow vector 
does not remain normal to the loading surface in orthotropic materials. 
The onset of visco-plastic behaviour is governed by the positive values of a scalar 
yield function F, which for isotropic materials has the form 
F(o1 , Ep, 
k)=f(a, Evp)-F0=0 (2.68) 
in which F0 is the uniaxial yield stress which may be a function of a hardening 
parameter k. A set of yield function forms is given in Table 2.2. 
For an associated elasto-visco-plastic flow rule, the visco-plastic strain rate is 
related to the current stresses according to 
E J=yp <q5(F)> 
a. f 
ao- 
(2.69) 
in which -yp is Perzyna's fluidity parameter i. e. a positive rate-dependent 
factor 
which depends on the temperature and the damage process 
[4,5,41]. The flow 
function cb(F) is a monotonically increasing function which for positive values 
< «F) > equal to 0 and zero otherwise. Perzyna 
[119] proposed two types of 
flow functions 
O(F) = (F/y)N (2.70) 
and 
cb(F) = exp(MF/y) -1 (2.71) 
where the parameters N and M are evaluated 
from experimental data and y is 
the initiation yield stress. 
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In associated flow the flow vector, denoted by a, can be written as 
a= 
of 
(2.72) 
ao 
which implies that the visco-plastic strain rate vector is normal to the 'subsequent 
dynamic loading surface '[119]. 
2.5.12 Continuous damage theory 
Continuous damage theory is based on the assumption that, the evolution in a 
solid characterizes the energy dissipation mechanism. 
Damage can be closely correlated to the amount of cracking and might be 
expressed as the degree of non-linearity of the stress-strain diagram. 
Concrete behaviour under static and dynamic loading can be modelled by 
damage mechanics and many damage-based theoretical models have been devel- 
oped [41,122]. In the context of strain-rate-dependent problems each of the 
theoretical models proposed to characterize rate effects has concentrated on spe- 
cific process. For instance, Suaris and Shah [121] used the variable w as the 
damage parameter and developed the damage equation in the following form 
o= E(1 - w)¬ (2.73) 
in which E is the initial tangent modulus of elasticity of undamaged material and 
o and e are one-dimensional measures of stress and strain respectively. 
If w is 
taken as a linear function of strain 
w=AE (2.74) 
where A is a constant. By substituting (2.74) into 
(2.73), a quadratic equation 
in strain is obtained in the form of 
= E(1 - AE)E 
(2.75) 
Equation (2.75) produces strain-softening model in which secant modulus is de- 
creased as the strain is increased. 
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Hinton and Bicanic [41] have developed a history-dependent damage model. 
Two variable yield surfaces in stress space were defined. The onset of visco-plastic 
surface denoted by F0 and the initiation of material degradation surface termed 
'damage surface' denoted by Ff are defined as 
F0(o, o-o) =0 (2.76) 
Ff(0, of) =0 (2.77) 
where, c -f is a damage-dependent function which is defined as 
O'f(WP) = ßofc(1 - 01WP) (2.78) 
for 0< WI, < Wp in which 00 and 01 are determined experimentally and 00f, is 
the compressive strength obtained with infinite load rates and no inelastic strains 
and Wf is the visco-plastic work density defined as 
Wp = 
Lt 
pdt 
(2.79) 
Fig. 2.53, shows the variable damage surface together with the variable yield 
surface. As soon as the stress in the material lies outside the yield surface visco- 
plastic straining occurs and the two surfaces begin to change [41]. 
A continuous damage theory for quasi-static and dynamic behaviour of brittle 
material has been proposed by Suaris and Shah [122]. A vectorial representation 
of the damage variable was developed to predict the strain-rate-dependence of 
concrete in compression and tension. Assuming flat microcracks, the damage 
variable was vectorially represented and a free-energy function dependent on the 
coupled invariants of strain and damage was postulated. The constitutive rela- 
tions and the damage evolution equations were derived consistent with the first 
and second laws of thermodynamics. A three-dimensional strain-rate-dependent 
constitutive relation for stress and strain was proposed of the form 
cl 
(4E11 + 633) X11 =0'22 -= 
Ei' v* [(1 + 1/)E33 - 72= 
2C3Wel1 
+2n1 nCZCJn-1¬11 
11 
=0 (2.80 
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in which 
(733 = Ev[2LE11 + 633 - 
2C1 
V2wE11ý 
(2.81) 
and 
A+2µ = Ev* 
A= vEv* 
v v= 
1-v 
and 
_ 
(1 - v) v (1+v)(1-2v) 
C, 
Ev 
(2.82) 
(2.83) 
(2.84) 
(2.85) 
(2.86) 
In the above equations E and v are the modulus of elasticity and the Poisson's 
ratio, respectively. From the above relations, it is seen that the theory requires a 
large number of material parameters and involves difficulties in calculation which 
are the drawbacks of the method. More detail are given in [122]. 
Young et al. [123] have proposed a damage model to simulate the behaviour 
of reinforced concrete structures under several damaging load cycles such as those 
due to earthquakes. It was claimed that the predicted response of the model is 
in a good agreement with the experimental results. 
2.5.13 Empirical models 
Many empirical relations have been proposed to predict the influence of strain- 
rate on the dynamic response of concrete. Alhammad et al. [124] proposed a 
strain-rate-sensitive function of the form 
F(E) =A+ BlogE + C(logi)2 (2.87) 
where, A, B, C are empirical constants, given in 
[124], F is either the dynamic 
strength of the concrete, modulus of elasticity or strain at maximum stress, which 
was claimed to be valid over a strain-rates range from static 
loading (106/3) up 
to rates of 10/s. It was not explained why the 
formula is not valid for the rates 
above 10/s. 
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In the nest section, the traditional methods of modelling concrete strength- 
ening and stiffening will be discussed. 
2.5.14 Rate-sensitive function in tension 
In order to develop a formula for modelling the response of concrete at higher 
rates, a basic static model is traditionally used [94] and the variations in response 
due to rate effects are added which will be explained in more detail in subsequent 
sections. 
Various investigators have proposed formula to predict the strain-rate-dependent 
behaviour of concrete in tension [7,9]. The proposed formulas are either very 
complicated or too approximate. An example of the latter is the formula proposed 
by Bazant and Oh [7] which is valid only for a strain rate range of 10-6/S - 1/S 
and has the following form 
fd1 j=1.95 
- 3.32(1 -E . 125)(2.2 + 3.2E° 125)-ý (2.88) 
A non-linear fracture mechanics model to predict the strain-rate effect on the 
fracture of concrete has been proposed by Shah et al. [125], based on experimental 
observations. The proposed model requires three material properties, i. e. critical 
stress intensity factor K IC, Critical Crack Tip Opening displacement CTOD Fig. 
2.54, and Young's Modulus. All the required parameters can be determined from 
static tests. 
2.5.15 Strain-rate-sensitive function in compression 
For predicting the dynamic ultimate compressive strength fed, Bazant [90] pro- 
posed 
fed = fß(1.4 - 1.5f (E)) (2.89) 
in which the strain-rate-sensitive function f (ý) is given by 
1- Ei/8 
f (ý) - 1.84 + 3.2E1/8 
(2.90) 
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the peak strain EP is given by 
Cp _ 
Pfcd 
uE 
where P is given by 
. P=2.09 - . 00015fc + f(E) 
(2.91) 
(2.92) 
It was reported that these equations are valid for a strain-rate range of 10-5/S 
to 1/S. The parameters P and co are illustrated in Fig. 2.55. 
Alternative rate sensitive functions established from experimental results have 
been suggested by Mander et al. [12], for peak compressive strength, initial 
modulus of elasticity and strain at peak stress. The equations are reported in 
[12] as follows: 
Peak strength dynamic magnification factor 
fd = Dff: (2.93) 
where, fý is the quasi-static compressive strength of concrete and 
1+[ E j1/6 
D u. uo) 
J (2.94) 
f1+ [0.00091]1/6 
. 03b(f 
where, E is the strain rate and 
f, is in MPa. The dynamic magnification factor 
Df was found by regression analysis of the experimental results of Watstain 
[12] 
on plain concrete specimens of different strengths. 
Dynamic stiffness magnification factor 
Ed=DEE: (2.95) 
where, Eý is the quasi-static modulus of elasticity and 
1+[ ]1/6 
_ 
0-. 035(f c (2.96) De 
- 1+[ 0.00001 11/6 
0.035(1 '31 
The Magnification factor against strain-rate is plotted in Figs. 2.56 A and B. 
The dynamic magnification factor De was also found by regression analysis of 
Watstein's experimental results [12]. 
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Dynamic strain at peak stress 
An equation based on the assumption that the work done on concrete to achieve 
its strength under different strain-rate is constant has been developed for the 
peak strain by Mandel et al. [12] in the form 
Ed = DEE' (2.97) 
where, E' is the quasi-static strain at peak stress and 
De =1 11 + , /(1 + 
3D zf 
)] (2.98) 
3Df DE 
In which Df is determined by Eq. (2.94). They claimed that good agreement is 
obtained with observed results. 
Strain-rate-sensitive function for steel 
It is postulated that steel strength is also influenced by strain-rate and increases 
with increasing strain-rate [23,24,126], Fig. 2.57. Various investigators have 
proposed strain-rate-sensitive function 
2.6 Concrete stiffening and strengthening in- 
corporation in the proposed model 
Limited test results involving scattering data have been reported by experimental 
investigators [4-10]. Therefore, the existing formulae for predicting the strain- 
rate-dependent behaviour of concrete appear not to be efficient. Using a rheolog- 
ical model, the static strain reduction for a given stress due to strain-rate can be 
predicted by which the material stiffening and strengthening can be modelled. 
A rheological model to describe strain-rate-sensitivity of concrete stiffness and 
strength has been proposed which will be discussed in the next section. 
11 
48 
2.6.1 Proposed rheological model 
In the proposed rheological model, increase in the concrete strength due to 
increased strain-rate both in tension and in compression is assumed to be at- 
tributable to the decrease in the visco-elastic and the visco-plastic deformations 
for a given stress and strain-rate when compared with those at the same stress 
and a lower strain-rate. Consequently the visco-plastic strain and hence the ini- 
tial modulus of elasticity are influenced by strain-rate as has been confirmed by 
experimental evidence [9,10,12,21]. The latter is attributed to elastic decrement 
which exhibits itself as an stiffened modulus of elasticity. Hence both the visco- 
elastic and visco-plastic strain decrease with increasing strain-rate and cause the 
material stiffening and strengthening. The proposed rheological model is illus- 
trated in Fig. 2.58. As can be seen, the model is constructed from two series 
systems each of which involves a clash-pot. 
When the rheological model is subjected to a stress do- within a time dt, the 
induced visco-elastic and visco-plastic stresses denoted by p 
dt and pd are in 
equilibrium with the external stress thus 
(I'Ee d2Evp de der 
dt2 +µ dt2 + 
Et 
dt dt = 
(2.99) 
where Et is the tangent modulus of elasticity, and µ the coefficient of viscos- 
ity which is assumed to have the same value for both elastic and visco-plastic 
deformations. 
Introducing a fluidity parameter y such that 
.r=1 /µ (2.100) 
and substituting into Eq. (2.99) leads to 
dlE EA 
dt2 +7t dt 'Yý 
Since Et, -y and & are functions of time, Equation (2.101) is non-linear. 
The 
values of 'y have been evaluated based on 
data from Hatano's tests [10] assuming 
a constant stress-rate. Hence the stress-rate at any point 
& at t= ti is given by 
_ 
o"i 
(7t 
ti 
(2.102) 
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in which the time t2 can be obtained from 
o. i 
ti = tf (2.103) Cmax 
where tf is the failure time given by Hatano's test results [10]. 
If Eq. (2.101 is assumed to be linear in a small time-interval clt both Et and 
-y will be constant in time-interval. 
Solving Eq. (2.101) assuming a constant stress-rate in the time-interval dt 
gives 
dc 
= Cie_-yE`t + (2.104) dt Et 
With the initial condition E(O) = Eo, then Cl can be obtained as 
0: 0 Cl = 60 -t (2.105) 
Denoting the increased modulus of elasticity by Ed then 
0,0 90 ao C1 (2.106) = Eý - Et = ýEc 
in which a is defined as 
a= 
Et 
- (2.107) Ed 
Eq. (2.104) can be written as 
dE 
= 
aa. o e_-yEtt 
&+ (2.108) 
dt Et Et 
Integrating Eq. (2.108), strain at time t can be obtained as 
E= 
ao'0 -ryE` `+ CZ (2.109) -- e 
Et "y Et 
Again by putting the initial condition c(O) = 0, C2 can be obtained thus, equation 
(2.109) leads to 
aoo (1 - e--'E`t) 
(2.110) E= Et - Et 
Eqs. (2.108) and (2.110) are valid for 0<t< dt. 
By putting mot =a and o/ Et =E into (2.110), we have 
0' ao* (1 _ -YEtt 
(2.111) 
Et 7E2 
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The first term of Eq. (2.111) is the static strain and the second term is the 
strain reduction due to strain-rate which not only depends upon strain-rate but 
also on fluidity parameter -y, time t, tanent modulus of elasticity Et, the stress- 0 
level a and initial conditions co and co. Since Et in the visco-plastic portion 
is less than that of visco-elastic, it is deduced that, the strain reduction in the 
visco-elastic stage is less than that in the visco-plastic stage. In other words, the 
visco-elastic range is less strain-rate-sensitive than the visco-plastic range which 
has been confirmed by experimental evidence. 
Since the stiffening and strengthening fluidity parameter yT increases with 
increasing strain-rate Figs. 2.67-2.72, the irreversible visco-elastic strain and 
visco-plastic strain values depend on loading-rate and stress level. Hence the 
proposed model is a 'history' strain-rate dependent model. 
Putting static strain Es as Es = Eý in Eq. (2.111) gives 
Ed = Es[1 - 7E'(1 - 
e-y Et)J 
where, Ed is the reduced dynamic strain. 
The characteristics of the proposed model 
(2.11? ) 
The main characteristics of the proposed history-strain-rate-sensitive model are 
summarized as: 
9 The Young's modulus of elasticity is a strain-rate-sensitive parameter. 
" The visco-elastic-visco-plastic strain of concrete 
is history-strain-rate-depend; 
9 The tangent modulus of elasticity is history-strain-rate-dependent. 
" The secant modulus of elasticity is history-strain-rate-dependent. 
" Only three parametric static tests 
i. e. the peak compressive strength and 
corresponding strain and the Young's modulus of elasticity are required. 
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In the case where the peak strain is not available, the formula proposed by Bazant 
[6] can be used for estimating the peak strain, 
. 
co = 1.027 x 10-' f, + 0.00195 + 0.0296 T (2.113) fc 
in which fr is a confinement index and is zero in the current study. The Young 
modulus of elasticity can also be evaluated by Eq. (?? ). 
Proposed formula for strain-rate-dependent modulus of elasticity 
The stiffened initial modulus of elasticity Ed can be obtained using Eq. (2.112) 
at t=(lt 
a 
_-yEtt Ed = Es[1 - ýEttýl -e 
ýý (2.114) 
Denoting -yE =Y as the fluidity parameter corresponding to initial modulus of 
elasticity, Eq. (2.112) changes to 
Ed = Es[1 -1 (1 - e-IEE`t)] (2.115) 'YE Et t 
where Et is the static initial modulus of elasticity. 
The equivalent dynamic modulus of elasticity Ed for a give strain Es is related 
to the static modulus of elasticity Et by 
Ed 
. 
Es (2.116) 
Et E, i 
Substituting Eq. (2.115) into (2.116) gives 
Ed = Et( E 
ýEEtdt ) (2.117) 
e _-'E -'E Et dt -1 
where Ed is the stiffened modulus of elasticity. The term 
'stiffened' is used because 
as soon as the load is removed, it returns to its pre-loaded value. 
As can be seen, the variation of the stiffened modulus of elasticity 
depends 
inversely on ^yEEtt. Since IyEEtt decreases with increasing strain-rate, 
Ed is also 
increased with increasing strain-rate. 
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Proposed formula for determining the fluidity parameter -yE corre- 
sponding to dynamic modulus of elasticity 
By fitting the experimental data reported in [10] and on the basis of constant 
stress-rate, the fluidity parameter ItE for three types of concrete has been obtained 
which is assumed to be a function of the effective strain-rate E in a logarithmic 
form as 
7'E - 
ý1Ee. 
f, f (2.118) 
The values of . A1 and \2 for tension and compression are given in Tables 2.3, and 
2.4. respectively. Figs. 2.59 - 2.61 illustrate variation of -/E with strain-rate for 
three types of compressive concrete and Figs. 2.62 - 64 shown variation of -YE 
with strain-rate for three types of concrete in tension. 
Proposed history-strain-rate-dependent uniaxial stress-strain relation 
In order to develop the stress-strain formula, it is necessary to rewrite Eq. (2.104)in 
the incremental form for time-steps n and n+l as 
( 
de 
Cle--tn+l En+l to+1 + 
ý1L+1 (2.119) 
dt En+l 
where t,, +l >t> tn. Cl can be determined 
by putting the initial condition at 
t= to obtained from the previous time-step n which leads to 
(dc )n +1= ago e--rn+l En+l 
to+1 
+ O'n+l (2.120) 
dt E, L 
En+l 
Integrating Eq. (2.120) for the time-step t,, +l yields 
En+l 
CYQn+l 
e--(n+1 
En+1 to+1 
+ ýn+l 
to+l 
+ C'2 (2.121) = 
l(n+l En+l En 
En+l 
Again C2 can be determined by putting the initial conditions at 
t=t, L obtained 
from the previous time-stet) which leads to 
ýn+l _ 
(Y(ý74 
e- Yn+1 
En+1 to+l 
+ &n+i 
i+ 
Yet Lin 
a_n (2.122) 
Eßt +1 ^/n 
E2 
n 
Substituting o=ýt and rearranging Eq. (2.122) 
leads to 
Ci aa 
-Yn+lE,, +Itn+i (2.123) 
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As can be seen, Eq. (2.12 3) gives the reduced strain due to strain-rate in each 
time-step. 
In the case where the strain-rate is constant, Eq. (2.123) reduces to 
Eiiý'1 = FJ+s 
C1 - exp(-ý'TEn-ý1tn+l)l (2.126) 
n+ 1 
where the fluidity parameter -fT is constant and E5 is the secant modulus of 
elasticity corresponding to time-step n+1. Hatano et al. [10] and Ahmad et al. 
[21] test specimens have been analysed using the proposed model and the results 
were compared with the experimental data which will be discussed in Chapter 6. 
Proposed model for multiaxial situation 
In order to extend the proposed model to multiaxial situation, a uniaxial static 
stress-strain formula based on progressive damage of the form 
0d - Edes - 
(Edeo 
- O'0)( 
ý1 8A (2.127) 
E0/ 
where, oo and eo are the peak stress and peak strain respectively and 
A= 
E¬0 (2.128) 
0, U 
is proposed where 0 is a parameter which varies between 1-3 and depends on the 
type of the concrete. and is assumed to be equal to 2.1 in the proposed model. 
The proposed uniaxial formula is graphically illustrated in Fig. 2.65. 
Denoting ^/T = from Eq. (2.115) as the fluidity parameter corresponding to 
visco-plastic reduction strain, and replacing Ed 
from Eq (2.112) by Ein Eq. (2.127), 
the proposed uniaxial strain-rate-sensitive stress-strain relation is obtained as 
- 7TEc -0) 6 
(1 )I 
ea (2.129) 9d=Ed¬9-(EdeO-0-0)["'g 
EO 
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in which Et is the tangent modulus of elasticity corresponding to the quasi-static 
stress-strain relation and t is time. A typical uniaxial stiffened stress-strain curve 
is illustrated graphically in Fig. 2.66. 
Due to lack of test results, extending the proposed model to a two-dimensional 
problem has been performed using 'effective strain '. So, before deriving the 
fluidity parameter formula corresponding to the visco-elastic-visco-plastic strain 
reduction, the effective strain and stress will be discussed in the next section. 
Effective stress and strain 
When the uniaxial experimental results are to be used for multiaxial situation, 
some sort of stress and strain so called 'effective' can be used. To this end, the 
loading function is used as a stress variable to define the effective stress of the 
form [2] 
f(oiJ) = CT ", ff (2.130) 
where C is some constant and is determined from the uniaxial parameters e. g. 
for Von-Mises material n=2 and C= 1/3 
Effective plastic strain is not quite simple. It is generally defined in incremen- 
tal form by two approaches. The first one is in the form 
dWp = o-, f fdEff (2.131) 
in which W" is the plastic work per unit volume. In the second method, the 
effective plastic-strain increment is defined as 
dff=C Vf(de d¬ ) (2.132) 
which for pressure-independent material which satisfies the plastic-incompressibility 
condition becomes [2] 
dePt = C/[(dEi)2 + 1/2(d¬)2 + 1/2(d¬)2]) = Cvý-3/2d? 
from which C is determined as C= 27 thus 
dff 
3 
(2.133) 
(2.134) 
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The effective elastic strain can be defined either by the projection of the octahe- 
dral shear strain on x-axis in the form [41] 
11 
Eeff = (3J2e/(1 +v)2)112 (2.135) 
or by a combination of octahedral normal and shear strain as [2] 
Eeff = öct + 1/4'YOct) (2.136) 
in which Eo, t and yt are the octahedral normal and octahedral shear strain 
respectively. 
Fluidity parameter 
The flow vector a in the Perzyna's model Eq. (2.72) [120] is related to time by 
a fluidity parameter 'yp. (the subscript p has been used to avoid confusion with 
other fluidity parameters). Many relations have been proposed for determining 
yp in the literature. 
Hinton et al. [41] proposed a logarithmic relation between -yp and the effective 
elastic strain-rate in the form 
7P (Ee) = 
pl (2) (2.137) 
where, au and al are parameters which are be determined experimentally. Beshara 
[94] has proposed 
rp = job, Eel ff (2.138) 
where, bl and b2 are material parameters to be determined also by fitting test 
data. 
Recently Famiyesin et al. [103] proposed a relation which relates the fluidity 
parameter to the total effective strain-rate. 
2.6.2 Proposed fluidity parameter 
In the proposed model, the fluidity parameter is related to the total effective 
strain-rate Ee ff in logarithmic 
form as 
7P = Pl ef. f (2.139) 
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where Pi and P2 are material parameters and have been evaluated by fitting 
the test results reported in [10] and are given in Table 2.5. Variation of fluidity 
parameter -yp with total strain-rate for three types of concrete mix are illustrated 
in Figs. 2.67-69. 
Fluidity parameter yT corresponding to material stiffening and strength- 
ening 
As discussed earlier, the material visco-elastic-visco-plastic strain decreases with 
increasing strain-rate. This decrement can be obtained using Eq. (2.113). The 
fluidity parameter yT corresponding to the material stiffening and strengthening 
has also been evaluated by fitting test results reported in [101. A second order 
function in logarithmic scale in the form 
In 'YT = T3(ln Eeff )2 + T2(ln Eeff) + In Tl (2.140) 
was found to be a best fit to the data. This can be rewritten as 
ý7T = T, 2eT3(ln e)2 
(2.141) 
The constants parameters T1, T2 and T3 are given in Table 2.6, and variation 
of 7T with total strain-rate for three types of concrete mix are shown in Figs. 
2.70-72. 
2.7 Visco-plastic constitutive equation for steel 
The visco-plastic model has been used to model strain-rate-sensitivity of reinforc- 
ing steel in this study. The stress-strain relation in the elastic range is governed 
by Hook's Law as 
o-9=EES 
The constitutive relation for the stresses above yield point is given as 
as =EEe=E(E-EVP) 
(2.142) 
(2.143) 
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The visco-plastic strain-rate in the direction of the reinforcement is obtained by 
using the uniaxial form of Perzyna's model [120] as 
EvP = ±-y( , 
o, - 
Fy)l F'y (2.144) 
where o-9 is the current stress level in the steel and 79 is the steel fluidity pa- 
rameter. Finally, plastic strain is determined by the explicit form of the strain 
approximation as 
Evp = 
fdt 
(2.145) 
The fluidity parameter -y has been related to the strain-rate by an exponential 
formula [127] as 
7s(E9) = ao(E9)al (2.146) 
in which a0 and al were approximated by fitting experimental tests on steel 
bars. The values of ao = 1.5386 and al = 0.9705 evaluated by [93] by using 
the test results carried out by Albertini and Montagnani [128] have been used in 
the proposed model. The test results reported in [128] have been performed at 
constant strain-rate while those reported in [10] were constant stress-rates. 
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Table 2.1 Comparison of the two-parametric form of 
the proposed yield function with that of Hinton et al. [41]. 
Empirical constants Proposed failure function Hinton's failure function 
al 
bt 
0.18 
1.36 
0.177 
1.35 
Table 2.2 -A set of yield function forms. 
Yield criteria Yield function Yield stress 
Tresca 2(J2)" cosO Y(k) 
Von Mises 3-5(f2). 5 Y(k) 
Mohr-Coulomb 3J1sinca +(J2)'S[COSB - 
JZnOssný] Ccos 
Drucker-Prager aJ1+(J2)*5 K 
Notes: 
"C is the cohesion, cp the friction angle, Y(k) the uniaxial yield stress 
a_ 
2sin 
3"s(3±sinW) 
- 
6Ccos 
- 3, -5(3 tsin'P) 
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Table 2.3 -Empirical constants for the proposed fluidity parameter 
corresponding to dynamic modulus of elasticity in tension. 
'YE = A2EAl 
Empirical constants for concrete mix A, A2 
1: 4: 7 0.75 0.0369 
1: 3: 5 0.8 0.0773 
1: 2: 4 0.77 0.0362 
Table 2.4 -Empirical constants for the proposed fluidity parameter 
corresponding to dynamic modulus of elasticity in compression. 
Yf' _ A201 
Empirical constants for concrete mix At A2 
1: 4: 7 0.82 0.013 
1: 3: 5 0.48 0.0026 
1: 2: 4 0.76 0.0137 
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Table 2.5 -Empirical constants for the proposed Perzyna's fluidity parameter 
7p (119] . 
YP = P2EP1 
Empirical constants for concrete mix Pl P2 
1: 4: 7 0.946 0.52 
1: 3: 5 0.930 0.41 
1: 2: 4 0.968 0.4 
Table 2.6 -Empirical constants for determining fluidity parameter -YT 
corresponding to the concrete stiffening and strengthening. 
YT =T 3ET=eT1(ln 
E)ý 
Empirical constants for concrete mix Tl T2 T3 
1: 4: 7 -0.22 -0.78 6.11 x 10-4 
1: 3: 5 0.066 1.38 0.026 
1: 2: 4 0.184 2.461 0.07 
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Chapter 3 
Finite Element Spatial 
Discretisation 
3.1 Introduction 
The finite element method is a numerical technique which can be used for the 
accurate solution of complex engineering problems. The method was first devel- 
oped in 1956 for the analysis of aircraft structural problems [129]. Thereafter, 
the potential of the method for the solution of different types of applied sciences 
and engineering problems was recognized. Over the years, the finite element tech- 
nique has become established such that today it is considered to be one of the 
best and most powerful methods for solving a wide variety of practical problems 
efficiently. 
One of the main reasons for the popularity of the method in different fields of 
engineering is that, once a general computer program is written, it can be used 
for the solution of many problems simply by changing the input data. The finite 
element literature is very large and in a chapter this size it would scarcely be 
possible even to list the publications [129-133]. 1-- 
Application of the technique to reinforced concrete beams was first reported 
by Ngo [61]. Thereafter, it has been recognized as a powerful approach for linear 
and non-linear static and dynamic analysis of reinforced concrete structures which 
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may possess arbitrary geometry, loading and unloading, support conditions, ir- 
regular stiffening, and many other aspects of practical design. The complexity of 
time-dependent loadings such as those due to impulse or seismic effects, and the 
various types of concrete and steel, necessitates the use of finite elements in the 
analysis of impulsive resistant structures. This approach enables the response of 
such structures to be more accurately modelled. 
The objectives of this chapter can be summarized as follows 
" To introduce the finite element formulations necessary for the spatial and 
time discretisation of reinforced concrete structures under transient forces 
particularly earthquake loading. 
" To assess the efficiency and accuracy of currently-used lumped matrix pro- 
duced from a consistent mass matrix. 
" To propose a method for determining lumped mass matrices for square and 
rectangular serendipity elements and to assess its accuracy. 
" To discuss and assess the effect of classical damping on the response of 
reinforced concrete structures. 
The chapter opens with a general description and the classification of dynamic 
problems and continues with a presentation of the formulation and numerical 
integration in finite element spatial discretisation. The equation of motion for 
the structures under transient and seismic loads is discussed. The chapter con- 
tinues with a discussion of the various methods of producing lumped mass from 
consistent mass. The next section is devoted to a description of the proposed 
lumped mass scheme. Classical damping and non-classical damping are the sub- 
sequent subjects of discussion. The chapter closes with a description the Rayleigh 
Damping method. 
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3.2 Dynamic problems 
The term 'dynamic ' implies that the 'inertia' terms and the 'damping' should 
be included in the equations of equilibrium. Among the many situations where 
dynamic action has to be incorporated in the analysis and design are: 
" The impact loading of structures due to shock blast or explosive conditions 
in which the loading is applied in a short period with a high rate. 
" Seismic action where the loading takes the form of a prescribed acceleration 
history, 
" In the nuclear and chemical industries, where ofd shore oil-drilling platforms 
and associated support equipment are subjected to undersea seismic action 
and wind-wave loading. 
3.2.1 Classification of dynamic problems 
In dynamic problems, the excitation load is usually defined in either a spectral 
form or as a given loading-time history. Generally linear or non-linear problems 
may be classified depending on the effect of the spectral characteristics of the 
excitation on the overall structural response as wave propagation problems and 
'structural dynamics' problems (or inertial). 
Wave propagation problems 
In problems involving shock-type excitations and wave propagation-type responses, 
the behaviour at the wave front is of engineering importance. It is the interme- 
diate and high-frequency structural modes that dominate the response through 
the time span that are of interest. Explosive or impact loading and problems, 
in which wave effects such as focusing, reflections and diffractions are important, 
fall into this category. 
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Structural dynamic inertial problems 
In these type of dynamic problems, the response is governed by a relatively small 
number of low-frequency modes. This class includes dynamic problems which 
are not wave-propagation type, such as structures under seismic loading. The 
dominant philosophy has been that the partial differential equations which rep- 
resent the problem in space and time are first discretised in space. The result of 
space-discretisation of a structural dynamics problem is a system of second order 
ordinary differential equations in time. 
3.2.2 Governing equations for structural dynamics. 
To solve transient structural problems numerically, the governing partial differ- 
ential equations are first discretised in space. This procedure is called ' semi- 
discretisation'. The finite element method will be used to semi-discretise the 
governing equations. The equations then have to be integrated with respect to 
time to complete the solution process. In dynamic analysis of structures, the gov- 
erning semi-discretise equations of motion are obtained by considering the static 
equilibrium at time t and including the effect of the acceleration-dependent in- 
ertia forces F(t)= in addition to damping nodal force F(t)d, internal nodal forces 
F(t)`nt and externally applied descritised forces F(t)eýrt. These may be written as 
F(t)= + F(t)d + F(t)mnt = F(t)"t (3.1) 
where 
F(t)2 = MX (3.2) 
is a vector of inertia forces 
F(t)d = CX (3.3) 
is a vector of damping forces 
s(t)int = KX (3.4) 
is a vector of internal resisting forces, including forces due to initial stresses, 
and F(t)ext is a vector of external forces. The sign of F(t)ext is positive if the 
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external force is applied to the nodes, and negative if it is applied to the base 
of the structure e. g. earthquake loading. The subscript (t) denotes the time- 
dependence of the problem and the superscript (. ) denotes time derivatives (e. g. 
X is the acceleration vector). Thus Equation (4) may be written as 
MX+CX+KX =F(t)ext (3.5) 
where M is the structural mass matrix and C is the structural damping matrix. 
Equilibrium equation 
The equation of static equilibrium governing the linear dynamic response of a 
semi-discrete structural system at time t is derived from either the Lagrange 
Equation or Hamilton's Principle [129]. 
The procedure involves deriving the finite element equations of motion by 
discretising the displacement model which for two dimensional problems is written 
as: 
X(x, y, t) = [N(x, y)]TQe(t) (3.6) 
where X is the vector of displacements, N is the matrix of shape functions and 
Qe is the vector of nodal displacements which is also a function of time t. 
The strain vector can be expressed as 
E= BQC(t) (3.7) 
and the stress vector as 
o- = DE = DBQe(t) 
(3.8) 
where B and D are the strain-displacement and material stiffness matrix, respec- 
tively. 
Differentiating Eq. (3.6) with respect to time gives 
ýY = [N(x, y)]T Qe(t) (3.9) 
where Qe is the vector of nodal velocities. 
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The Lagrange equations are given by 
=o 
d 1aL1 _ 
aL 
+ 
OR 
dt aQ aQ aQ (3.10) 
where 
L =T -Pp (3.11) 
is called the Lagrangian Function. In Eq. (3.10) and Eq. (3.11), T is the kinetic 
energy, Pp is the potential energy, R is the dissipation function, and Q is the 
nodal velocity. 
The kinetic and potential energies of an element 'e' can be expressed as: 
Te = 
ffptTtdv 
(3.12) 
Pp = 1/2 
ff 
ET o-dv -I XT ýp dv - 
ýXT 
ýp ds (3.13) 
ýý J, 
where v is the volume, p is the density and X is the vector of velocities of the 
element 'e', and s is that portion of the element surface on which the distributed 
force is applied. If the dissipative forces are assumed to be proportional to the 
relative velocities, the dissipation function of the element 'e' can be expressed as 
Re = 1/2 
ff 
cýYT X dv (3.14) 
v 
where c is called the damping coefficient, which will be explained in subsequent 
sections. 
In Eqs. (3.12) to (3.14), the volume integration has to be taken over the 
volume of the element. The expressions for T, Pp and R can be obtained using 
Eqs. (3.10) to (3.14), as 
T= ET' =1 /2QT [E 
f fv 
pNT N dv]QT ] (3.15) 
v 
TDB] dv]Q - QT{E sNTC(t) dS Pp = EPp = 1/20T 
[E ff B 
+ff NT cp dv] - QT pc(T )] (3.16) V 
R= ER' = 1/2QT [E 
ff 
cNT N dv]Q] (3.17) i 
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where Q and Q are the global nodal displacement vector and global nodal velocity 
respectively, and P, is the vector of concentrated nodal forces of the structure. 
Now, the matrices involving the integrals may be defined as 
" Element mass matrix 
" Element stiffness matrix 
" Element damping matrix 
" Vector of element surface force 
" Vector of element body force 
Me =f ff d PNT N dv 
Ke =f fve BT DB dv 
Ce = f fj,, cNTNdv 
Ps = fse NT co ds 
Pb = f ft, eNTcpdv 
By writing Eqs. (3.12) to (3.14) in the form 
T= 1/2QT MQ (3.18) 
PP = 1/2QT KQ - QT P (3.19) 
R= 1/2QT CQ (3.20) 
the following terms may be defined 
" Total mass matrix of the structure. M= EMC 
" Total stiffness matrix of the structure K= EKe 
" Total damping matrix of the structure C= ECe 
" Total load vector P(t) = E(Ps (t) + Pb (t) + Pc(t)) 
By substituting Egs. (3.16) to (3.18) into Eq. (3.5), the equation of motion is 
given by 
MX (t) +Ct (t) + KX(t) = P(t) (3.21) 
where X is the vector of nodal acceleration, X is the vector of nodal velocity 
and X is the vector of nodal displacement in the global system. In general, the 
mass matrix M is constant, positive definite and symmetric, the damping matrix 
C is positive semi-definite symmetric or non-symmetric, and is not constant for 
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non-linear behaviour of a structure. K is positive definite and P= P(t) is a given 
external force which is a function of time t. 
The equations of dynamic equilibrium for a seismic response analysis can be 
written as 
MX (t) + C±(t) + KX(t) = -MIX9(t) (3.22) 
where I is a vector containing unit values for the degrees of freedom to be excited 
and X9 is the specified ground acceleration. In the solution of equations (3.21) 
and (3.22), it would be extremely useful from a computational viewpoint if the 
matrices M and C could be made diagonal. This will be discussed in Chapter 4. 
3.3 Finite-element spatial discretisation 
In spatial discretisation the element geometry, element strain field and element 
volume are required to be defined. 
Following the standard procedure [129-133], the spatial domain v is divided 
into N finite-elements interconnected at I nodal mesh points and a set of "shape 
functions" are employed to interpolate the field variables inside each element with 
respect to the set of nodal values. If a single function is employed for both the 
geometry and the field variable, the elements are known as " isoparametric" , 
which is one of the most popular approaches and has been adopted in this study. 
3.3.1 Formulation and numerical integration 
Due to ease of implementation of finite element analysis and its ability to ac- 
count easily for curved boundaries, has been extensively used in many static and 
dynamic problems. The most popular finite element families used in static and 
dynamic problems are: 
" Lagrangian Family 
" Serendipity Family 
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Shape function and corresponding derivatives for some linear and quadratic 2D 
and 3D finite-elements are summarized in Tables 3.1 A, B and C. Some vectors 
and matrices used with the elements are presented in Table 3.2. The accuracy and 
efficiency of finite element programs depend on the shape of element and also on 
the number of sampling points used for the numerical integration to determine the 
stiffness and mass matrices. The commonly used Gauss-Legendre integration rule 
exactly integrates a polynomial of order (2n -1) with only n function evaluations 
and is widely used in finite element schemes. The integration order will not only 
cause the cost of the analysis but also may affect the results significantly, so the 
optimum choice of integration order is very important. 
The stiffness matrix of an element can be evaluated using one of the three 
integration schemes. 
" Exact evaluation technique. 
" Reduced integration technique. 
" Selective integration technique. 
The order for the exact solution of stiffness matrices of 2D elements are well 
established and are summarized in Table 3.3. 
The displacement formulation, based on the exact order of the integration rule, 
overestimates the stiffness matrix [129]. Lower order integration rules soften the 
element stiffness and, when used, the error in estimating the stiffness is compen- 
sated, this is known as "reduced integration technique". 
The use of an integration rule of an order lower than required for the exact 
evaluation has led to improvement in the results [131,134,136]. 
This technique has been successfully used for 2D, 3D plate and shell elements, 
see for example Zienkiewicz et al. [131]. 
The selective integration technique in which the different strain terms are 
integrated with different Gauss-Legendre rules have been successfully applied to 
many static and dynamic problems [131] in which exact evaluation gives poor 
results. Only a level reduction of order has been recommended [134-1361. 
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The 8-noded Serendipity isoparametric element has been adopted in this study 
due to its efficiency in simulating the stiffness and the mass of the system. A2 by 
2 integration points has been used for spatial discretisation and a3 by 3 Gauss 
points for consistent mass discretisation. 
Table 3.4 shows a recommended minimum Gauss-Legendre integration order 
for rectangular elements [136. A discretised loading for distributed load is illus- 
trated in Fig. 3.1. 
3.3.2 Stiffness matrix formulation 
For a 2D finite element, the stiffness matrix is given in general form as 
Ke =f BTDBdcdy (3.23) 
v 
where, v is the element volume, D and B are the material elastic modulus and 
strain-displacement matrices respectively. The strain-displacement matrix de- 
noted by B is evaluated in the natural-coordinate system (ý, 77) and is transferred 
into the cartesian-coordinate by the Jacobian matrix as. then, the cartesian shape 
function derivatives are obtained using chain rule differentiation. The Jacobian 
matrix J is used to convert the local coordinate to the global coordinate. 
a ax a 
E_EN TX (3.24) 
a ax a 577 an an ay 
The discretised elemental volume is given by 
dve = detJ x to x dýdi1 (3.25) 
where det J is the determinant of the Jacobian matrix and to is the element 
thickness. The element characteristic matrix is evaluated numerically at the 
element level using the Gauss quadrature formula with desired sampling points, 
which leads to 
+1 ý-1 
Fi, (x, y)dv =ff F2j, (ý, 77) xtx detJd 'dry 
v11 
mn 
_E Fi j(ýp, r1q) xtx detJWpWq (3.26) 
P=1 q=1 
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where F=i is the function to be numerically integrated, ý,, 77, are the natural coor- 
dinates of sampling points, with Wp, Wq as the corresponding weighting functions. 
Summing the stiffness on all of Gaussian points yields the element stiffness. 
3.3.3 Mass matrix formulation 
The mass matrix in Eqs. (3.21) and (3.22) is known as 'consistent' because the 
same displacement function as is used for deriving the element stiffness matrix 
is used for the mass matrix. However, some investigators [137-1391 have found 
that the use of consistent masses does not always lead to high accuracy while it 
always involves extensive computational work. 
In some dynamic problems, an alternative mass matrix, produced from the 
consistent mass matrix known as ' lumped , 
has been used for two reasons: sim 
plicity and the requirement of less computational effort due to the possibility of 
decoupling the equations of motion. The lumped mass matrix is based on the 
assumption that concentrated masses, which refer to the translational and rota- 
tional inertia of the element, are calculated by assuming that the material within 
the mean locations on either side of the particular displacement behaves as a rigid 
body while the remainder of the element does not participate in the motion. 
The rationale is that the product F, m; 1x in any lumped mass matrices must 
yield the correct total inertial force on an element according to Newton's Law F= 
MX 
. This is easily obtainable with acceptable accuracy when only 
'translational' 
displacements are included. Convergence to the correct results may not occur in 
cases when the elements are included in 'rotational' degrees-of-freedom. 
In the next section, some lumped mass matrices produced from a consistent 
matrix are explained briefly. 
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3.3.4 Producing lumped matrix from consistent mass 
matrix 
A very convenient simplification is achieved by lumping the element mass to the 
nodes. A lumped mass matrix is obtained by placing particle masses me at node 
i of an element such that Me becomes the total element mass, i. e. 
N 
Mi =ý rn7 
HRZ lumping scheme 
(3.27) 
The HRZ scheme is an effective method for producing a diagonal mass matrix. 
The idea is to use only the diagonal terms of the consistent mass matrix but to 
scale them in such a way that the total mass of the element M is preserved. First, 
a number 'S' is computed by adding the diagonal coefficients m2;, associated with 
translational d. o. f. ( but not the rotational d. o. f., if any ) that are mutually 
parallel and in the same direction. Then, all the diagonal coefficients are scaled 
by multiplying them by the ratio McIS, that is 
mit = ýrrtt= 
lyle 
(3.28) 
S 
thus preserving the total mass of the element, as shown in Fig. 3.2. 
Ad Hoc lumping scheme 
Another scheme to produce a diagonal mass matrix which is widely used is the 
Ad Hoc method in which the particle mass rnti is placed at node i of an element 
such that Emit is the total element mass. 
When the rotary inertia is included in the problem, producing a lumped mass 
matrix from a consistent mass matrix become more difficult. For example, the 
diagonal mass matrix in a beam element is obtained in the form 
m= m/2[1, aL2/210,1, aL2/210] (3.29) 
where the second and fourth terms define the rotary inertia. The rotary inertia 
can be selected as the mass moment of inertia Iß of a uniform slender bar of 
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length L/2 and mass m/2 spinning about one end, that is, IR = (m/2)(l/2)l/3 
to be preserved from which X21 xa= sm12 leads to a= 17.5. 
Optimal lumping scheme 
In this approach, the element nodes are chosen as the sampling points of the 
quadrature rule used for integrating the consistent mass f pNT N dv. Since the 
integration points are coincident with the nodal locations of the element having 
translational degrees-of-freedom only, then no off diagonal terms are generated. 
In this approach, some of the terms may be negative or zero, which is the weakness 
of the method and can lead to imaginary frequencies. 
3.3.5 Proposed lumped mass method 
Hinton et al. [138,139] have proposed a lumped mass scheme which was tested 
using examples of the vibration of a simply supported, square, thick plate with a 
4x2 mesh for half of the plate. It was concluded that, in general, the proposed 
lumping scheme was at least as good as the use of a consistent mass matrix 
for the lower modes while better results were obtained for higher modes. The 
recommended lumping scheme, was based on assigning of areas of influence for 
two-dimensional parabolic elements as shown in Fig. 3.3. The lumping mass 
scheme proposed by Hinton et al. [139] has been obtained from a square mesh of 
a thick plate. 
An alternative mass lumping scheme for rectangular elements based on the 
optimal lumped mass approach is proposed. The two-dimensional form of the 
Newton-Cotes formula has been chosen to determine an approximate solution to 
the consistent mass integral ft, N' pNdv. For the rectangular element shown in 
Fig. 3.4. This can be written as 
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Id 
(d - c)(b - a) 
a 
f(x, y)dxdy = If (c7 a) + 4f (c+d a) + f(d, a) c 36 2 
+4f(ca +b)+16f(c+d, `ý 
2 
)+4f(d, a+b +f '2222) (c, b) 
+4f(c 
+ d, b) + f(d, b)} (3.30) 2 
where (a, d), (b, d), (b, c), (a, c) are the coordinates of the corner nodes in global 
coordinate system. 
The consistent mass matrix for a rectangular element is given by 
bd 
M=p f fNTNddy 
a= 
pJ 
+l +1 
NT N; dd77 (3.31) 
1 
in which the Jacobian J is d-c46-a The mass associated with the first term of the 
lumped mass matrix in the proposed lumped mass scheme has been approximated 
by the first term of Eq. (3.30) which can be determined by substituting 
77 = -1) into Eq. (3.31 such that 
+1 +1 
m11 = pJ 
ffN, (-1)N=(-1)dýdi7 
11 
(3.32) 
According to the Sturm theorem [141] which will be discussed in more detail 
in chapter 5, the natural frequencies of a system decrease and tend to the cor- 
rect values as the numbers of degrees-of-freedom of the system is increased. The 
fundamental natural frequency of the rectangular 8-noded element can also be 
achieved by increasing the lumped mass at each corner nodes while the total el- 
ement mass is preserved. A cantilever has been analysed using consistent mass 
matrices. The number of elements increased until the fundamental natural fre- 
quency had converged. This was then used as a reference. 
Since the terms of the lumped mass of an 8-noded element is to be determined, 
the ninth term of Eq. (3.30) which correspondents to a central node has to be 
distributed between the nodes with the weighting to the mid-nodes twice that of 
the corner nodes. 
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Integrating Eq. (3.30) and distributing the weight of center node to the edge- 
nodes with that of ninth-term and evaluating the first eight natural frequencies 
to be closest to those of the consistent mass leads to 
mil = 0.0735M (3.33) 
for a square element. For a rectangular element with aspect ratio R=L Fig. 3.4 
0.0958 
mil =1+0.29468 M (3.34) 
The natural frequencies obtained from the proposed method for a square and 
rectangular element are compared with those of Hinton et al. [138] and Smith et 
al. [116]. As can be seen, the proposed lumped mass scheme is more accurate 
than those of the other investigators. 
Remarks 
" Since the kinetic energy is positive, that is, XT MX /2 >0 for all X0, 
then the consistent mass matrices are positive definite. 
" The consistent mass matrix determination is similar to the standard stiff- 
ness matrix determination. Mass coefficients are computed for individual 
elements of the structure and combined by simple superposition to obtain 
the mass matrix for the complete system. 
" Lumped mass matrices are simpler to form, occupy less storage space, and 
consequently require less computational effort. 
EXAMPLE 
The proposed lumped mass scheme has been examined by determining the natural 
frequencies of a cantilever beam. 
The has been spatially discretised using 8-noded square and rectangular serendip- 
ity isoparametric elements Figs. 3.5 A and B. The proposed formula for producing 
a lumped mass matrix form a consistent mass matrix has been used. In order 
to compare the accuracy of the proposed lumped scheme, the beam mesh has 
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been refined until convergence of natural frequencies were obtained by using con- 
sistent mass. The natural frequencies obtained from the proposed lumped mass 
for square and rectangular elements with span-ratio R are compared with those 
obtained by Hinton et al. [138,139] and Smith et al. [116] Tables 3.5 and 3.6. It 
can be seen that, the proposed lumped scheme results in the natural frequencies 
close to those of using a consistent mass matrix. 
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Table 3.5 Comparison of the first 8 natural frequencies of a cantilevere beam 
obtained from different approaches using the Lumped Mass Matrix. 
Mode N. F. of a square mesh N. F. using lumped mass and elements with R=1 
number Consistent mass Smith method Hinton method Proposed method 
1 25.4410 0.9801 1.0047 0.9993 
2 130.6980 0.9690 0.9718 0.9770 
3 164.6241 0.9202 0.9611 0.9661 
4 303.1368 0.8912 0.9596 0.9601 
5 492.9398 0.8560 0.9324 0.9547 
6 495.5648 0.8410 0.8870 0.9255 
7 702.5973 0.8005 0.8800 0.8730 
8 817.2678 0.7876 0.8120 0.8026 
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Table 3.6 Comparison of the first 8 natural frequencies of a cantilevered beam 
obtained from different approaches using the Lumped Mass Matrix. 
Node N. F. of a square mesh N. F. using lumped mass and elements with R=1.34 
number consistent mass Smith Method Hinton Method Proposed Method 
1 25.4410 0.9716 0.9740 0.9862 
2 130.6980 0.9426 0.9444 0.9530 
3 164.6241 0.9301 0.9303 0.9391 
4 303.1368 0.9106 0.9118 0.9187 
5 492.9398 0.8598 0.8606 0.8664 
6 495.5648 0.8321 0.8342 0.8397 
7 702.5973 0.8001 0.8072 0.8448 
8 817.2678 0.7902 0.7940 0.8277 
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3.4 Damping matrix formulation 
In practical structures, the damping force in equations (3.21) and (3.22), is not 
solely a viscous mechanism but is also due to dissipative mechanisms such as 
friction in the structural joints, elastic-plastic hysteretic loss, and material micro- 
cracking, none of which are well understood. The selection of realistic damping 
values for a particular structure should be based on experimental evidence from 
other structures of similar geometry and material. Due to the complexity of the 
damping mechanism in structures, the damping is customarily introduced as a 
fraction of the critical damping cc =2x wm , 
denoted by ý called 'the damping 
ratio' i. e., the damping for which the oscillatory response of a structure under 
free vibration transmits to non-oscillatory response. If the damping is less than 
the critical value, i. e. ý<1, the amplitude of free vibration experiences a 
logarithmic decay [140-144] 
AD = AFe-2wý (3.35) 
where AF and AD are the defections due to free-vibration and damped-vibration 
of the system. The magnitude of the frictional force depends on the texture of 
the contact surfaces and the normal force value applied on the surface. Coulomb 
and viscous damping have very different energy-dissipation characteristics. The 
influence of Coulomb damping always diminishes as the displacement amplitude 
increases, while that of viscous damping remains unchanged. More details are 
given in [142]. Hysteretic damping which is another form of energy dissipation, 
is associated with the inelastic behaviour of structural materials. However, if the 
damping effect is small, the characteristics of hysteretic and viscous damping are 
very similar. 
3.4.1 Classical damping 
If there is a reasonable degree of homogeneity in the energy loss mechanisms 
throughout the structure, the independent modal assumption may be valid. In 
this case, the diagonal damping matrix can be simply obtained by transforming 
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into normal coordinates [140,142,143]. 
The proportional damping method, so-called "classical damping", is tradi- 
tionally used for two reasons; 
1. The response of most concrete structures is not significantly influ- 
enced by coupled damping, and non-proportional damping introduces 
approximations which may lead to unacceptable errors (140]. How- 
ever, the basic assumption in this approach is the homogeneity in the 
energy-loss mechanisms through the structure, otherwise it might not 
be an accurate method [140]. 
2. The simplicity and the less computational effort required in using 
methods with no ofd diagonal terms. 
A discussion of the advantages and disadvantages of these procedures was 
given by Clough and Mojtehedi [140]. They proposed a new method of anal- 
ysis of non-classically damped systems, a method that makes effective use of 
undamped mode-shapes. Clough and Mojtehedi [140] proposed integration of 
the transformed coupled equations of motion where the transformation matrix 
consists of a truncated set of mode-shapes. 
Based on the above, it is concluded that the damping properties of a struc- 
ture are difficult to define in terms of any single mechanism. Hence structural 
damping is measured in terms of an equivalent viscous damping ratio, ý, which 
is sufficiently accurate for most dynamic problems. The damping properties are 
frequency-dependent and a range of 5%-10% for the damping ratio ý is commonly 
approximated in practice for various types of reinforced concrete structures. 
It is worth mentioning here that there is another type of damping which is 
known as 'artificial algorithmic damping which exists even if none of the afore- 
mentioned types of dampings are included, further details are given in Chapter 
5. 
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3.4.2 Rayleigh damping scheme 
It is difficult, if not impossible, in practice to determine for general finite el- 
ement assemblages the element damping parameters because of its frequency- 
dependency. For this reason, and to avoid more computational effort, the damp- 
ing matrix C, in general, is not assembled from element damping matrices but 
is constructed using the mass matrix M and stiffness matrix K of the complete 
element assemblage. 
If the damping matrix is assumed to possess the same orthogonality property 
as do with respect to mass and stiffness matrices, i. e. 
APTcwj=0.0 (3.36) 
which is equivalent to assuming that the normal modes of the damped system are 
identical to those of the system (this approximation is acceptable for low values 
of damping), Equations (3.21) and (3.22) can be decoupled into N independent 
equations. If C is defined as a linear combination of orthogonal mass and stiffness 
matrices, it can be easily shown that C is also orthogonal [143]. A damping matrix 
of the form: 
C= ME ab{M-iK}6 (3.37) 
6 
where ao, b are damping constants satisfies the orthogonality condition given by 
Eq. (3.36). Any desired number of terms in the Caughey series can be used to 
establish the damping matrix. However, since the damping only can be controlled 
by the modes, one would never use more than N terms, thus Equation (3.37) can 
be written as N-1 
C=ME ab{M-1K}b (3.38) 
b=1 
which can be controlled in all modes by proper selection of the damping constants 
a6(b = 0,1,2..., N- 1). The damping ratio ý at the nth normal mode can be 
expressed as [143] 
1 ýn = 
2wn 
E 
abcvnb (3-39) 
b_ 1 
For example, with b=0 and n=1 we have 
C=a0M (3.40) 
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where ao = 4T, 7 
(T is the fundamental period of the structure). 
Rayleigh proposed a linear combination of the mass and the stiffness matrix 
in the form 
C=aK+OM (3.41) 
where a and 3 are the stiffness and mass proportional damping constants, re- 
spectively, or given Rayleigh constants. 
In fact, Rayleigh used the first two terms of Eq. (3.37) with b=0,1, n=1,2, 
which can be written as 
C= aoM + a1K (3.42) 
where 
ao = 
4ir(ý1T1 - 2T2) (3.43) 
T2 _T22 i 
in which T2 is the second period of the structure. A disadvantage of Rayleigh 
damping is that the higher modes are considerably more damped than the lower 
modes for which the Rayleigh constants have been selected. 
Two methods for the numerical evaluation of orthogonal damping matrices 
have been developed by Wilson and Penzien [143]. The first relates the modal 
damping ratios to the coefficients of a Caushey series and the second is a direct 
approach which expresses the damping matrix as the sum of a series of matrices 
each of which produces damping in a particular mode. The direct approach has 
been found to be more convenient to apply and is less numerically sensitive than 
the series approach. 
In many dynamic problems, the assumption of proportional damping is ade- 
quate. However, in the analysis of structures with widely varying material prop- 
erties, non-proportional damping may be needed. An example of a system in 
which non-proportional damping may be expected is a nuclear reactor contain- 
ment vessel founded on soft soil. When such a system is subjected to earthquake 
motion, the response of the stiff massive containment structures will be modified 
considerably by the dynamic deformation of the soil. During this dynamic soil- 
structure interaction, the relatively high damping forces in the soil will induce 
modal coupling in the combined system. Similar behaviour may be expected in 
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any structure-foundation system in which significant interaction is developed and 
where the damping properties of the structure and the foundation medium are 
quite difFerent. [144]. 
A time-integration procedure for dynamic analysis of so-called 'non-classical' 
damped systems, has been proposed by Shrikrishna and co-workers [225] in which, 
owing to the presence of off-diagonal terms in the transformed damped matrix, 
high-frequency modes play a significant role. This procedure is an extension of the 
method of Clough and Mogtahedi [140]. Clough and Mojtahedi suggested inte- 
gration of the transformed coupled equations of motion where the transformation 
is done using a truncated set of mode-shapes. 
From the above discussion and since the higher modes in earthquake loading 
problems do not have a significant role in the structural response, which will be 
discussed in chapter 4, it can be deduced that a classical damping method, such as 
Rayleigh damping can be appropriate for dynamic analysis of reinforced concrete 
structures. 
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Edge loading and equivalent nodal forces. 
1? 
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i 
Gravity loading and equivalent nodal forces. 
Fig. 3.1 A typical load discretisation 
2*3 Gauss No. 3*3 Gauss No. 
1/36 3/76 
8/36 3/76 
4/36 4/36 
1/36 1/36 
Fib. 3.2 HRZ scheme 
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2 
2 G 
n 0.111 (2 x2 GAUSS) 0 158 (3 x3 GAUSS ) 
b= 1.777 (2 x2 GAUSS) 1 68ý (3x3 GAUSS ) 
Fib. 3.3 Equivalent influenced area in lumped mass scheme 
(taken from [138]) 
L 
R=h/L 
h 
Fig. 3.4 Equivalent influenced area in the proposed 
lumped mass method. 
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5 cm 
20 cm 
A 
B 
Fig. 3.5 Geometry and spatial discretisation of 
cantilever beam, A square, B rectangular 
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Table 3.3 The orders of Gauss-Legendre integration for exact 
evalution of stiffness matrix (parallelogramic elements) [128]. 
Isoparametric element Gauss-Legendre. integration order 
for exact evaluating stiffness matrix 
Bilinear 4-noded 2x2 
Biquadratic 8-noded Serendipity 3x3 
Biquadratic 9-noded Lagrangian 3x3 
Bicubic 16-noded Lagrangian 4x4 
Table 3.4 - Recommended minimum Gauss-Legendre integration order 
for evaluating stiffness matrix (Parallelogramic elements) [128]. 
Isoparametric element Minimum Gauss-Legendre integration 
order for evaluating stiffness matrix. 
Bilinear 4-noded 2x2 
Biquadratic 8-noded Serendipity 2x2 
Biquadratic 9-noded Lagrangian 3x3 
Bicubic 12-noded Serendipity 3x3 
Bicubic 16-noded Lagrangian 4x4 
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Chapter 4 
Finite Difference and Dynamic 
Solution Techniques 
4.1 Introduction 
Finite element methods were first applied to transient analysis of structures by 
Costantino [145]. Subsequently, the method was extended to non-linear and 
visco-elastic media by incorporating the pseudo or fictitious force technique in 
which the non-linearity is accounted for by an equivalent force. A finite element 
program was subsequently reported by Wilson [146] and Farhoomand and Wilson 
[147] in which the nodal displacement at the end of each time-step was found by 
solving the equations with force equivalent to inertia and internal forces on the 
right hand side. A tangential stiffness approach was used with the internal force 
resulting from previous deformations treated as pseudo-force in the non-linear 
solution technique. 
As discussed in chapter 3, in dynamic problems, finite elements are used for 
spatial discretisation and time is discretised by finite difference. In spite of many 
achievements to date, time discretisation still remains a costly step in non-linear 
analysis of structures. This chapter is dedicated to the description and assess- 
ment of the more reliable, accurate and efficient linear and non-linear solution 
schemes currently available for dynamic problems. The aim of the chapter can 
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be summarized as 
" To assess the strengths and weakness of numerical methods in which time 
is not discretised. 
" To discuss the contribution of higher modes which have a significant role in 
structural response. 
To discuss the formulation of the currently used numerical methods for 
solving dynamic problems. 
" To assess the efficiency of mixed explicit-implicit methods in which the 
predictor- corrector approach is employed. 
" To assess the efficiency of numerical algorithms suitable for dynamic anal- 
ysis of structures subjected to seismic loading. 
The chapter opens with solution techniques of dynamic problems, and continues 
with the modal superposition method and eigenvalue problems. The next section 
is devoted to the contribution of modes in structural response. 
A discussion of the direct integration methods is given in two parts. In the 
first part different implicit algorithms currently used such as; the Newmark family 
of methods, the Wilson-B method and the Houbolt method are discussed. In the 
second part, some of the widely-used explicit forms of integrators such as the 
central difference method as a one-step method and the Runge Kutta method as 
a multi-step approach are described. The strength and weakness of each method 
are discussed and assessed. The chapter closes with a description of the mixed 
explicit-implicit and predictor-corrector approaches. The stability and accuracy 
of above-mentioned methods will be discussed in Chapter 5. 
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4.2 Solution techniques for dynamic problems 
The three most popular techniques for solving the equation of dynamic equilib- 
rium are : 
1. Modal superposition method. 
2. Direct integration methods. 
3. Complex response methods. 
4.3 Modal superposition method 
A solution technique that is available for solving most dynamic problems in- 
volves finding the structures natural frequencies and mode shapes (eigenvalues 
and eigenvectors) [148-151]. If the structure has n degrees of freedom then it has n 
eigenvalues and n corresponding eigenvectors. Eigenvalue problems are therefore 
discussed first. 
4.3.1 Eigenvalue and eigenvectors 
Recalling the general form of the equilibrium equation 
MX + Ck + KAY = P(t) (4.1) 
neglecting damping C and loading P(t) leads to the free undamped equation of 
motion 
MX+KX =0 (4.2) 
Premultiplying the above equation by M-1, the following eigenvalue problem is 
obtained: 
IX+AX=O (4.3) 
in which I is a unit matrix. The matrix A is referred to as the system matrix, 
since the dynamic properties of the system are defined by this matrix. 
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Assuming harmonic motion of the form 
X= etv"-tX(x) (4.4) 
where A= w2. 
Then substituting (4.4) into (4.3), leads to 
(A -, \)X =0 (4.5) 
The characteristic equation of the system is 
A- AI =0 (4.6) 
The roots of the characteristic equation are the eigenvalues, at and the circular 
natural frequencies are given by 
G1i = v/-Ai (4.7) 
The corresponding mode shapes denoted by the eigenvectors cp= can be obtained 
by substituting A, into (4.3). For an n-degree of freedom system, there will be n 
eigenvalues and n eigenvectors. 
4.3.2 Standard modal superposition analysis 
In order to determine the forced vibration of a system, it is usually assumed that 
the mode shapes are normalized so that the modal matrix yo whose columns are 
the mode shapes arranged in ascending order of frequencies satisfies the following 
orthogonality conditions 
APT MW -= o_ý (4.8) 
co 'KW = f2=8ij (4.9) 
where 5 is the Kronecker delta and 0 denotes a diagonal matrix containing the 
diagonal terms w,? (i = 1,2,3... 3rß). Assuming proportional damping then 
cpTCcpj = 2ýw (4.10) 
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where, 2ýw is a diagonal matrix containing the diagonal terms of 2ý; wi(i = 
1,2,... 3n). 
The dynamic response X may be approximated as a linear combination of 
modes shapes as 
X =WY 
where Y is a vector of modal amplitudes. 
(4.11) 
Substituting Eq. (4.11) into (4.1), by WT then the following set of decoupled 
equations of motion in terms of normal co-ordinates are obtained 
3n 
Y+ 2ý'wY + SZY = cpT P(t) _ cp=P=(t), n=1,2... 3n (4.12) 
Each equation may be solved separately using the Duhamel integral thus 
Y(t) t Pi(7)e-ý"'(t-T) sinwi (t - T)dr (4.13) wJo 
The total response is obtained by summing each of the modal responses using 
Equation (4.11) [148,152]. This method is advantageous for problems in which 
a limited number of lower modes are sufficient for accurate dynamic responses. 
Since in structures under earthquake loading the structural response is dominated 
by a few lower modes, the superposition process can be suitable for such problems 
[153]. Maddox [153] has proposed a dynamic Truncation Method by which a 
limited number of lower modes is considered to approximate the displacements 
of the dynamic problems and has claimed that very good predictions can be 
obtained for both displacements and forces. 
If the structure is not proportionally damped, the generalized damping matrix 
is not diagonal thus its off diagonal coefficients cause coupling of the equation 
of motion and the above-mentioned procedure of decoupling the system is not 
permitted [153]. 
For seismic response analysis Eq. (4.12) has the following form: 
Y+2 'wY + QY = _(PT MIXg(t) -- (4.14) 
where X9(t) is the base acceleration. The Duhamel integral for the solution of 
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each equation is of the form 
t YN(t/ 
_-f 1Y9(t)(T)e_sin wN(t - r)dr (4.15) cýv 0 
It is worthwhile noting that this method can be used in non-linear analysis of 
dynamic problems by using the tangent damping matrix and the tangent eigen- 
problem at each time-step during non-linear behaviour [154-156]. 
4.3.3 Contribution of modes in structural response 
Since earthquake loadings comprise low to medium frequencies, only a small num- 
ber of mode responses are required to obtain sufficiently accurate results for the 
analysis of structures. However, the minimum sufficient number of modes de- 
pends on the type of structure. 
The contribution of the higher modes for a hinged-ends uniform beam under 
arbitrary initial conditions of motion has been determined by McDonald [155]. 
Fig. 4.1 illustrates the role of the first, third and fifth modes on the mid-span 
displacement. 
Shing et al. [157] compared the a response of discretised cantilevered beam 
using beam elements with a continuous system to show how the accuracy of the 
value of the frequency for different modes was influenced by the increased number 
of degrees-of-freedom. 
In order to discuss the contribution of the higher modes in the structural 
response, an undamped system under harmonic loading has been analysed using 
the modal superposition method. The equation of motion is 
MX + KX = PO sin cat (4.16) 
where, PO and w are the amplitude and frequency of the external force respectively. 
Eq. (4.16) can be decoupled by transforming the system to normal coordinate 
in which each degree-of-freedom can be treated as a single degree-of -freedom 
problem. Hence, Eq. (4.16) become 
Y-{-SZY=cpiPosin wt (4.17) 
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where, w; = V= is the free-vibration frequency in the normal coordinate and cp 
is the mode shape matrix. 
The general solution of Eq. (4.17) is given as a combination of the complemen- 
tary solution and the particular solution as 
Y(t) = Ye(t) +Y (t) =A sin wt +B cos wt + 
p0 1 
11; 1-02 sin cwt 
(4.18) 
in which 3= is the ratio of applied load frequency to the natural vibration 
frequency. 
Substituting d, t =0 and assuming Y(t) = Y(t) =0 the response given by 
(4.18) is 
Y(t) = d3t 
1 
, 
32 
(sin wt -0 sin wt) (4.19) 1 
Fig. 4.2 shows a typical response of a single degree-of-freedom system under a 
harmonic loading. 
From Eq. (4.19 it can be deduced that: the contribution of each degree-of- 
freedom, in other words, the contribution of each mode, depends on w and hence 
0. 
" For 3«1 then the effect of higher modes is negligible. 
" In undamped problems, as, 3 tends to 1, the structural deformation increases 
so that, for 0=1, resonance occurs and causes the displacement to grow 
infinitely. 
" The response of the structure is sensitive to the frequencies not far from 
the frequency of the applied load. 
The contribution of the higher modes is examined by an example in the next 
section. 
EXAMPLE 4.1 
In order to assess the contribution of higher modes to the structural response, 
a cantilever beam under a harmonic loading P=A cos wt has been analysed. 
The first and second natural frequencies of the system are 13.7 and 82.7/sec and 
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a value of w between the first and the second natural frequencies equal to 30/sec 
was chosen. 
The beam has been spatially discretised using 8-noded isoparametric element 
and the consistent mass has been used for mass discretisation. The geometry 
and the spatial discretisation of the beam are shown in Fig. 4.3 and the material 
properties are listed in Table 4.1. 
Table 4.1 Material properties for 
cantilever beam (kip, in). 
Youngs Modulus Ec = 6100.0 
Poisson's ratio 
Mass density 
v= . 20 
p=0.217E-06 
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ýI 
The beam is loaded with a harmonic load of the form 
Pn =A cos wt (4.20 
The beam has been analysed using meshes with 6x3,4 x 2,4 x 1,2 x 1, and 
one element. The tip-displacement of the beam has been calculated including the 
contribution of different number of higher modes. To this end, the shape modes 
were calculated and superposed using Eq. (4.11). It is concluded that, 
" The frequency corresponding to each mode increases rapidly for subsequent 
modes Table 4.2. Hence, the role the modes with a higher natural frequency 
compared with that of the applied load reduces rapidly. 
" In this example, which includes 64 degrees-of-freedom only up to the tenth 
modes was found to have a significant contribution Fig. 4.4. 
9 The maximum tip-deformation of the beam depends on, 3 Eq. (4.19). 
" changing the lumped mass distribution in this example did not significantly 
affect the mode shapes. 
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Table 4.2 Natural frequencies of the modes for different meshes of a cantilever 
beam 
Mode 
number 
N. F. with 
6x3 elements 
N. F. with 
4x2 elements 
N. F. with 
4x1 elements 
N. F. with 
2x1 elements 
N. F. with 
1x1 elements 
1 25.44107 25.5401 25.7122 25.8932 26.6444 
2 130.6982 131.7975 140.157 139.3345 164.6845 
3 164.6240 160.8275 160.9475 163.4586 161.2852 
4 303.1367 310.1420 316.1711 353.1635 591.1245 
5 492.9397 494.1224 494.4258 501.8125 911.9458 
6 495.5647 526.8421 531.7521 713.6228 1027.3195 
7 702.5972 731.4128 757.4896 902.8326 1117.1258 
8 817.2677 817.8475 822.3345 955.3925 1487.4312 
9 870.2709 907.7122 966.01185 1012.1228 2166.9742 
10 974.7750 1038.1325 1044.5715 11216.8427 3314.2115 
11 1032.459 1115.1524 1087.2215 1342.2514 
12 1114.044 1129.63 1163.0515 1397.1225 
13 1157.827 1241.1915 1191.4151 1435.7112 
14 1193.802 1286.9225 1325.1248 1492.2521 
15 1269.096 1304.6312 1408.7512 1573.6812 
16 1290.171 1322.4219 1419.1912 1580.5121 
17 1307.447 1330.9811 1469.5712 2118.1215 
18 1321.474 1362.4425 1493.2714 2246.5224 
19 1346.663 1450.3625 1516.3525 3312.8125 
20 1374.579 1505.1921 1644.0112 3325.1625 
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Table 4.2 (continued) 
Mode 
number 
N. F. with 
6x3 elements 
N. F. with 
4x2 elements 
N. F. with 
4x1 elements 
21 1472.3065 1.0680 1.1596 
22 1478.9487 1.1069 1.2219 
23 1571.1315 1.0961 1.1941 
24 1571.6720 1.1521 1.1980 
25 1683.8560 1.1159 1.1990 
26 1721.2656 1.1063 1.2156 
27 1781.1402 1.0950 1.1881 
28 1857.1439 1.0991 1.1632 
29 1891.1807 1.1079 1.1618 
30 1914.1590 1.1196 1.1917 
31 1979.5785 1.1122 1.1930 
32 1996.9917 1.1338 1.3287 
33 2047.7331 1.1334 1.3429 
34 2171.2522 1.1312 1.2883 
35 2214.7471 1.1743 1.4304 
36 2289.4969 1.1485 1.4155 
37 2290.8765 1.1681 1.4472 
38 2355.9598 1.1617 1.4085 
39 2381.4442 1.1755 1.3956 
40 2483.9296 1.1321 1.3834 
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Table 4.2 (continued) 
Mode 
number 
N. F. with 
6x3 elements 
N. F. with 
4x2 elements 
41 2558.4741 1.1415 
42 2571.8600 1.1385 
43 2574.3197 1.1570 
44 2578.9177 1.1846 
45 2617.7935 1.1685 
46 2646.1086 1.1859 
47 2672.6297 1.2073 
48 2708.8029 1.1935 
49 2731.0088 1.1955 
50 2806.8827 1.1818 
51 2853.2999 1.1947 
52 2869.3881 1.2747 
53 2947.9099 1.4104 
54 2973.6149 1.4060 
55 2984.4000 1.4035 
56 2990.0379 1.4164 
57 3003.9173 1.6160 
58 3066.4938 1.5907 
59 3104.1695 1.5802 
60 3119.2387 1.5960 
61 3181.3661 2.0833 
62 3187.3890 2.080 
63 3233.2845 2.050 
64 3315.8425 2.001 
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Fig. 4.4 illustrates the contribution of the modes to the maximum deflection 
of the cantilevered beam. 
" a) with 8x4 elements. 
9 b) with 4x2 elements. 
4.4 Direct integration methods 
The numerical methods used for integration are generally a difference equation 
involving a number of consecutive approximations X,, +3, j=0,1, ... k from which 
it will be possible to compute sequentially the sequence [Xnln = 0,1, ... n]. The 
integer k is called the step number of the method; if k=1, it is called a one-step 
method while if k>1 it is called a linear multi-step method (LMM) or a k-step 
method [158]. 
The ease of implementation of direct integration methods, along with their 
usefulness for non-linear analysis as compared with superposition methods, has 
tended to enhance rapidly the popularity of these approaches [159,160]. In 
the direct integration method, the governing ordinary second order differential 
equation (4.1) is integrated directly using a numerical step-by-step procedure. 
The term 'direct' means that no transformation of the equations into a different 
form is carried out prior to the numerical integration process. 
In these methods, the dynamic equilibrium equation (4.1) is satisfied at a 
discrete time interval, which subsequently is called the time-step, denoted by At. 
Equilibrium including inertia, damping, body force and external load effects is 
sought at discrete time points within each time-step solution. A variation of dis- 
placements, velocities and accelerations within each time-step is assumed. The 
different direct integration algorithms make different assumptions for such vari- 
ations. Each of these algorithms has different stability, accuracy and cost in 
computing time; these will be explained in more detail later on. 
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4.5 Implicit time integration methods 
In these approaches, the equations for the displacement at the current time-step 
involve the velocities and accelerations at the same time-step. The calculation 
of displacements at t+1 involves the solution of a set of simultaneous equations 
at each time-step. In large problems, the solution of these equations leads to the 
factorization of the effective stiffness matrix K which is a combination of mass, 
damping and stiffness matrices and may be computationally expensive. This is 
the most important weakness of these methods. 
Many of the implicit methods are unconditionally stable for linear and non- 
linear system and are the most effective for structural dynamic problems in which 
the response is controlled by a relatively small number of low frequency modes. 
The maximum allowable time-step that can be employed in these algorithms is 
governed by the required accuracy rather than stability. It is worthwhile noting 
that, unfortunately, the implicit approaches suffer from one major drawback in 
non-linear procedure; the material state during the time-step t, H+l must be esti- 
mated for the next step prior to the solution. This may cause some problems when 
the estimation of material behaviour is not possible. An example of this problem 
occurs when the transition between elastic and plastic material behaviour is not 
gradual. Abrupt transitions of material from plastic to elastic states can also 
produce numerical instability. 
In the next sections, the conventional implicit time-integration procedures, 
such as the Newmark method, the Wilson-B algorithm and The Houbolt methods 
for linear problems are described. 
The Newmark family of methods 
Newmark [161] originally proposed an unconditionally stable scheme with con- 
stant accelerations at the ends of the time-step in which -1 = 1/2 and Q= 1/4. 
The linear acceleration method can be obtained by putting -y = 1/2 and 
Q= 1/6 in the standard Newmark family. Three types of linear variation of 
acceleration within a time-step are illustrated in 
Fig. 4.5. To calculate the 
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displacements, velocities and accelerations at timet+At, the equilibrium equation 
of motion is considered at time t+ At so that 
MXn+1 + CXn+, + KXn+1 = Pn+ý (4.21) 
xt+vt = xt + DiX + (Ot)2[(1/2 - ß)4t + ß4c+vt] (4.22) 
Xc+At = Xc + Ot[(1 - -y)ýYc + -1±t+AtJ (4.23) 
solving Equation (4.22) for 1Yt+vt in terms of Xt+vt and substituting in equation 
(4.23) we obtain equations for Xt+vt and Xr+; It in terms of the unknown dis- 
placements Xt+., c. Substituting these two relations into (4.21) gives a system of 
simultaneous equations in the form 
[K +C+12 M]1Yt+, t = Pt+Jc + C[ + (7 - 1)Xc + At(7 - 1)Xt] 
, got Qvt , got Q 2,3 
_M[ 2Xt-ý 
Xt+(1 -1) 4.24) QOt ýOt 2, Q 
where (K + pmt 
C+ß2 M) is called effective stiffness matrix denoted by K and 
the right-hand side of Eq. (4.24) effective stiffness matrix denoted by P. 
The algorithm is not self-starting but it can be started at time t=0 by using 
the initial conditions prescribed as X0 and Xj from which , 
to is obtained using 
Eq. (4.21). Then equations (4.21) , 
(4.23) and (4.22) are solved for XJt , 
XAt and 
Xvt, respectively and so on. Warburton [162] has suggested a direct approach in 
which the effective load vector depends only on the displacements at t and t+ At 
thus additional computation of velocity and acceleration components at time t 
are eliminated. 
Chan et al. [163] have proposed the same relation in the form of a three-point 
finite difference formula. 
An implicit algorithm has been proposed by Zienkiewicz et al. [164] in which 
the second order differential equation of motion has been written as the pair of 
equations 
M')+Cv+Kx =F (4.25) 
v-ý=0 (4.26) 
149 
and the weighted residual method has been used to obtain the difference equations 
M(vn+i-vn) + otc[evn+l + (1 - O)vn] + otx[exn+l + (1- e)On] 
= Ot[9F, 
z+, + (1 - 9)F'n] 
and 
Ot[av 
+1 + 
(-1CY)vn] - [On+1 - On] 
Finally, the method leads to the condition 
1=e+1/2=a+e 
(4.27) 
(4.28) 
(4.29) 
for the local truncation error to be of O(L. t2) and the stability condition as 
4+ 2COt(29 - 1) + w20t2(20 - 1)(2a - 1) >0 (4.30) 
COt +- w20t2(a +8- 1) > 0, w20t2 (4.31) 
Weighted residual methods have been used to derive a general family of four-time- 
level schemes, from which a third and fourth-order accuracy may be obtained by 
Zienkiewicz [164] and Thomas et al. [165]. 
Wood [166] has proposed a modification of the Newmark method which re- 
places the general equation by the following equation 
(1 - aB)Yn+i + «ak + CYn+l + w2Yn+1 = Pn+l (4.32) 
Reducing this method to a difference equation in the displacements gives a four- 
time-level scheme from which the unconditional stability is obtainable with second 
order accuracy but not more. 
Wood [166] suggested the use of 
Y+ CY + w2Y = Petst (4.33) 
instead of 
Y+ w2Y =0 (4.34) 
in order to gain some insight into the effect with natural damping and/or a period 
forcing term, and has been introduced in some useful three-and four-time-level 
schemes. 
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Wilson- 8-method 
In the Wilson-B method the acceleration is assumed to vary linearly from time 
t, to time t+ -At. Hence, this method is essentially an extension of the linear 
acceleration method. If 0=0, the method reduces to the linear acceleration 
variation the Newmarks family of methods. The method is unconditionally stable 
if 0>1.37 and 0=1.4 The method can be derived as follows. 
The acceleration for anytime within a time-step i. e. 0< -r <9At, can be 
written as 
Xc+r = Xt + 
T90t (X `+ezXc - . 
k) (4.35) 
If Equation (4.35) is integrated and initial conditions are applied then 
2 
Xt+r = Xt + TXe + 280t 
(X t+0At - Xt (4.36) 
By integrating Equation (4.36) then 
3 
xt+r = xt + rX + 
17 
.k+T 
(Xt+evt - Xc) (4.37) 2 60At 
Equations (4.36) and (4.37) at time t+ 90t become 
Xt+evc = ±t + 
19At(Xt+evc 
+ Xa) (4.38) 2 
Xt+evt = Xt + BOtXt + 1/6920t2(Xt+8 t+ 2Xc) (4.39) 
from which Xt+, qAt and±t+oAt can be solved in terms ofXt+evt . 
The applied load vector is projected to time t+80t which is performed linearly 
as 
Pt+9 t= Pt + 9(Pt+-A t- Pt) (4.40) 
The equation of motion at time t+ BLt can be written as 
MXc+e, lc + CXt+eac + KXt+eic = Pt+o: t (4.41) 
No special starting procedures are required in this method, because the displace- 
ments velocities and accelerations are all expressed at the same time. 
0 
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The Houbolt method 
This method [167] is based on the backward difference formulation in which the 
accelerations and velocities are obtained in terms of three successive backward 
displacement component as 
Xt+vc - 
12 
[2Xc+. ic - 5Xt + 4Xt-vc - Xc-2oc] 4.42 At 
Xt+ýt =1 [11Xt+At - 18Xt + 9Xt-At - 2Xt-2Atý (4.43) 60t 
The equilibrium equation is considered at time t+ At. In this approach, a spe- 
cial starting procedure is necessary which is more accurate if another explicit 
or central difference method with a time-step equal to a fraction of the original 
time-step is used. 
Since the effective mass in these methods includes a stiffness matrix, a full si- 
multaneous equation solution is required for each time-step. The Houbolt method 
which is implicit is unconditionally stable and the required accuracy usually re- 
stricts the time-length. The stability of the method is discussed in [164]. The 
most significant weak point of this method is its artificial damping when a large 
time-step is used. 
Implicit methods with numerical dissipation property 
A a-Dissipation Family of Methods by which the artificial algorithmic errors due 
to higher modes are relatively damped out has been proposed by Hilber et al. 
[168] in which the dissipation in lower modes is parametrically controlled. The 
method uses the Newmark formulas with the modified equation of motion 
MXn, +, + (1 + a)CX, a+I - aCX + (1 + a)KXn+I - aKXn = (1 + a)FF+l - aFnxt 
(4.44) 
The algorithm is unconditionally stable and has second order accuracy if the 
parameters are selected so that -1/3 <a<0, ýy =1 2-a and 
3=12" With 
a=0, the method reduces to the trapezoidal rule which has no dissipation. 
Numerical artificial damping increases when a is decreased. An implicit method 
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with numerical dissipation has been developed by Pohl [169] for dynamic problems 
but the higher mode errors can not be damped out properly. 
4.6 Explicit time integration methods 
This approach is based on time-integration techniques in which the solution at 
time t+ Ot is obtained by considering the information calculated at the previous 
time t. 
These methods require no factorization of the effective stiffness matrix in the 
step-by-step solution so less storage of matrices is required. 
All the explicit algorithms are 'conditionally stable' so require a smalltime- 
step which is inversely proportional to the highest natural frequency of the dis- 
crete system. 
The time-step restriction of these methods make them to be well suited for 
short-duration dynamic problems or wave propagation problems such as struc- 
tures subjected to blast on high velocity impact. However, this restriction limits 
the effectiveness of the approach when used to study dynamic problems of long- 
duration, for example earthquake response problems. 
It is worth noticing that, these methods enable new material properties to be 
used at the next step, so complex material models can be easily incorporated. 
Among the currently used explicit approaches, the central difference method, 
the explicit form of the Newmark methods as a forward scheme and the Rung- 
Kutta method as a k-step approach are explained in the next sections. 
4.6.1 Central difference method 
One of the most widely used methods of explicit numerical integration in large- 
scale structural dynamic problems is the second order ' central difference Tech- 
nique '. It is said to have the maximum stability and highest accuracy of any 
explicit method of order two [170]. This method is based or the following central 
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difference formulae 
Xt+1/2: ßc = 
(Xt+At - xt) (4.45) 
'At 
- Xt-112At 
A Xt_at} 
= (4.46) At 
Xt 
= 
(Xt+112yc 
- Xt-1/2yt At 
} (4.47) 
Xt 
(±t+t/2yt 
- 
Xc-1/2yt) 
AT (4.48) 
Xc+1/2Jc = 1/2(Xt+Ac + Xt) (4.49) 
and 
Xc-112At = 1/2(Xt + Xt-At) (4.50) 
where Xt_At, Xt, and Xt+, t are displacements at three successive times. For 
calculating velocity and acceleration, Equations (4.49) and (4.50) are substituted 
in (4.47) and Equations (4.45) and (4.46) in (4.48) respectively, then we have: 
1 
)(Xt+Jc Xc-At) (4.51) Xt = (20t 
kt 
Ott 
(Xc+vc 2Xc + Xt-vc) (4.52) 
Using the Taylor Series Rule, it can be shown that, errors in Equations (4.49) 
and (4.50) are of order two, O(At2) which means that the error in displacement 
is quartered when At is halved. Substituting Equations (4.51) and (4.52) into 
(4.21) at time-step n and rearranging terms, a fully discrete temporal system for 
linear problems is obtained: 
t 
-L= 7 
(2M+_1 C)Xt+ýt = P(t)-(K 
2 
2 
M)XE t -(Ot2 M- C)Xt_ýt (4.53) At 20t Ot 20t 
from which displacement at time t+ At is obtained using displacements at time 
t- At and t. In fact, these schemes, are based on the equilibrium condition 
at time t and that is why these algorithms are called ' explicit '. The term 
vtz M+ -Tat C is called the 'effective stiffness' denoted by 
A 
M and the term on the 
right hand-side is called the ' effective force ' denoted by 
A P. Thus 
A 
MXt+4, 
t = P(t) (4.54) 
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The method is not self starting and a special starting procedure must be em- 
ployed. Using Equation (4.21) with the two known values , Yo and X0, the accel- 
eration , Yo is obtained. From Equations (4.51) and (4.52) 
Xt_At = Xt - OtXt +1 /20t2Xt 4.55 
from which X_, _\t can 
be obtained. 
It should be noted that, in cases in which only diagonal damping terms are 
included, the factorization of the effective mass matrix can be avoided and only 
mass matrix multiplication is then required to solve the equations which results 
in computational saving. Hence the effectiveness of this method depends on 
the use of an appropriate diagonal mass matrix. On the other hand, if non- 
diagonal damping terms are introduced, the solution requires the factorization 
of the effective mass matrix. This and the time-step restriction due to stability 
problem are shortcomings of this method. If diagonal mass is used, the effective 
stiffness does not need to be factorized the displacement components are obtained 
using 
fit 
)(Pt - mil 
N 
Z KU X' }+ 2X1' - X' - Ac j=1 
(4.56) 
where N is the number of degrees-of-freedom of the system, rn=t denotes the i th 
element of the diagonal mass matrix, and Xt+vt and Pt denote the i th component 
of Xt+vt and Pt respectively. Warburton [171] has suggested a backward difference 
approximation explicit method in which damping may be included. Alternative 
schemes of explicit integration procedures using a central difference method have 
been proposed by Belytschko and Noor for undamped structural systems [172]. 
There are many other types of explicit direct integration methods [173], some 
of the widely used schemes are explained in the subsequent sections. 
4.6.2 Explicit form of Newmark family method 
By letting ,3 equal zero 
in the Newmarks methods Eqs. (4.21) , 
(4.22) and (4.23), 
the algorithm becomes explicit and displacement at t+ At can be evaluated from 
the displacement, velocity and acceleration at t. 
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4.6.3 Fourth-order Runge-Kutta method 
One of the most popular explicit methods with high accuracy is the Runge-Kutta 
method which is recommended in most numerical references [174-176]. In this 
algorithm, the accuracy is increased by subdividing the time in each time-step 
(hence tending the numerical method to the exact solution). The accuracy of the 
Runge-Kutta method can be graphically illustrated when compared with that of 
the the Euler rule method and the the trapezoidal rule method Fig. 4.6 A and 
B. 
The governing equations may be written as 
Xt+Jc = Xt + , At-, + zt2/6[Au + A, + A2] + O(Ot5) (4.57) 
xt+l = Xc + 1/60t2[Ao + 2A, + 2A2 + A3] + O(Ot5) (4.58) 
where 
A0 =X (t, Xt) (4.59) 
Al =k (t + 1/2At, X+1 /2AtXt) (4.60) 
A2 = X(t + 1/2At, 1/20tX + 1/4(At2)A0) (4.61) 
A3 =X (t + At, Xt + LtXt + 1/2(At2)Al) (4.62) 
The desirable features of this one-step algorithm are 
" The algorithm is self-starting and the time-step can be changed easily. 
" The method possesses a high order of accuracy. 
" The algorithm has all the merits of an explicit method such as negating the 
need for iteration in a non-linear procedure. 
The disadvantage of the algorithm is the computational time required which may 
be relatively large compared with the other numerical integration methods. 
156 
The Advantages and disadvantages of the explicit methods 
As already mentioned, since in these methods factorization of the effective mass 
matrix is not required, the number of computations depend principally on the 
number and complexity of the elements regardless of node numbering and hence, 
the bandwidth of the mesh. The only disadvantage of these procedures is the 
restriction of the time-step due to the stability problem. In the cases where these 
methods are used for dynamic problems with very rapid load variations or for 
non-linear path-dependent materials such as elasto-plastic materials in which the 
required time-step to follow the material stress history is often not much more 
than the stability limit, the time-length restriction should not be considered as a 
disadvantage. On the contrary, with long duration loads with low load variation 
particularly in large scale systems in which the time-step stability limits are often 
far below the time-step required for accuracy, following the material stress history 
costs expensive computational time. On the other hand, reduction in time-step 
causes the round-off error to be increased. For this reason in such dynamic 
problems more accurate procedures such as fourth order Runge-Kutta methods 
are more appropriate. 
Explicit-implicit methods 
As mentioned in previous sections, both explicit and implicit algorithms have ad- 
vantages and disadvantages. Explicit methods possess a lower order of accuracy, 
require a small critical time-step particularly in stiff systems and round-off error 
can have significant error while, the factorization of the effective mass matrix is 
the most significant problem in implicit algorithms. However, the merits of the 
two algorithms may be incorporated by combining them in an explicit-implicit 
method. In this method different parts of the overall system are treated by either 
an implicit or explicit algorithm. Thus the mesh is partitioned into two sets: 
explicit and implicit. 
The time-step is restricted by the explicit part and this is the main short- 
coming of such algorithms. However, the accuracy of these methods can not be 
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compared with explicit methods. 
Two techniques of merging implicit and explicit methods for linear and non- 
linear finite element transient analysis, namely 'implicit-explicit mesh partition', 
and 'implicit-explicit operator splitting', have been proposed by Hughes and Tay- 
lor [177]. The stability and accuracy properties of the methods were discussed 
and techniques for improving implicit-explicit ' operator splitting methods, which 
enable the treatment of kinematic constraints (e. g. incompressibility) in tran- 
sient analysis were also discussed. In these mixed integration approaches, the 
critical time-step of explicit elements governs the system. 
A family of implicit-explicit algorithms for transient finite-element analysis 
of dynamic problems has been proposed by Hughes and Liu [178]. The New- 
mark family of methods was used to define the implicit method and a predictor- 
corrector constructed from the Newmark family defined the explicit method. The 
implementation and the stability aspects of the proposed method were discussed. 
The critical time-step was found to be governed by the explicit elements. 
The explicit-implicit methods are suitable for the dynamic problems in which 
the value of the highest natural frequency of the system is much greater than the 
lowest. This will be discussed in the next section. 
Stiff systems 
The equations of motion of large scale structural dynamic systems are often 
characterized by widely varying frequency components. Such structural dynamic 
equations whose highest frequencies are much greater than the lowest, are termed 
' stiff system' and the corresponding structure is called ' stiff structure'. A state- 
ment which define the concept of stiffness is quoted from [158], 
' stiffness occurs when stability requirements rather than those of accuracy con- 
strain the time-length of a numerical integration method. ' 
The accuracy of the above mentioned numerical methods can be increased 
using predictor-corrector approach which will be discussed in the next section. 
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4.6.4 Predictor-corrector 
Since error in a numerical analysis procedure is accumulative, the role of initial 
value accuracy through each time-step is of significant importance. In other 
words, if as good an initial guess as possible for the value of the displacement, 
velocity and acceleration at each time-step is used, the values at the end of 
corresponding time-step will have a better accuracy. This is conveniently done by 
using a predictor such as a separate explicit algorithm to provide the initial guess 
for a corrector which can be either an explicit or implicit method. Hence, the 
two algorithms together construct a method, the so called ' predictor- corrector 
method (PC)'. 
Many types of predictor-corrector algorithm can be described based on the 
number of predictions evaluations and corrections in the procedure. Single point 
PC methods use only information from the previous time-step while multi-point 
PC methods make use of information from more than one previous time-step. In 
PC methods, the corrector is used iteratively while in PEC methods (predictor- 
evaluate-corrector) or PECE (predictor -evaluate-corrector-evaluate), the correc- 
tor is used only once. 
In the next section the non-linear solution techniques for static and dynamic 
problems will be discussed. 
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4.7 Non-linear solution techniques 
Soon after the expression 'finite element method' was pioneered [179] the method 
was extended to material [180] and geometric [181] non-linearity. 
The increasing sophistication of theoretical models and the expansion of com- 
puter power have enabled the finite element analyst to predict more and more 
accurately the non-linear stress-strain relations of reinforced concrete. 
The solution processes for non-linear finite element problems are in general 
computationally expensive, hence any steps that can be taken to significantly 
reduce these cost are of practical importance. 
In static problems, the external forces are applied gradually in proportional 
steps until the desired final level is reached and the structural behaviour is simul- 
taneously linearized. The so-called ' self correcting ' approaches emerge which 
are the basis of widely adopted incremental-iterative methods in which a number 
of iterations are performed during each load step until a convergence criterion 
either some norm of the residual or out-of-balance is satisfied. 
The accurate solution of the equilibrium equations at each time step is even 
more important in dynamic than in static analyses as was pointed out by Bathe 
[180] namely, any error introduced in step-by-step algorithms will accumulate 
which can not be compensated for later as in many static geometrically nonlinear 
analyses. 
In this section some of the more reliable accurate and efficient non-linear 
solution algorithms currently available are reviewed, more details are given in 
references [182-184]. 
4.7.1 Standard Newton-Raphson method (NR) 
The finite element equilibrium equations of structural problems 
formulated in 
terms of displacements may be written as 
KX=F (4.63) 
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where X is the vector of unknown displacements, K is the global stiffness matrix 
in static and effective stiffness matrix in dynamic problems and F is the vector 
of nodal applied forces in static and effective force in dynamic problems. 
The direct solution of Eq. (4.63) is readily obtained as 
X= K-' F (4.64) 
While any source of nonlinearity causes the dependence of the stiffness matrix 
/load vector, or both, on the displacements or their derivatives, direct solution 
becomes generally impossible and an incremental/iteration scheme appears to be 
inevitable [181]. 
Due to the nonlinearity, the equilibrium between internal and external force 
will generally not be satisfied and the procedure demands the simultaneous sat- 
isfaction of Eq. (4.63) and the residual force in the form 
BT o-dQ -f=0 (4.65) n 
where f is the vector of body forces and surface traction. 
The Taylor series expansion of residual force at Xi + AX1 gives 
01(X1 + bxi) = Oi(X) + 
ax 
ax 
Axt =0 (4.66) 
where the residual Jacobian matrix coincides with the tangential stiffness matrix 
Kt corresponding to displacement state X, -. Thus, the incremental displacements 
can be obtained as 
OXZ = Pi = -Kt 1 oZ (4.67) 
The solution of a non-linear problem almost invariably involves an increment /iterative 
process in which a number of iterative cycles are performed for each increment of 
applied load until the residual force vanishes. Therefore, a non-linear solution 
----- - ---- algorithm requires a means of determining successive 'search direction' P=, so 
that ultimately on the (i+l)th iteration the displacements 
Xt+l = X; + Pi (4.68) 
result in a stress field crt satisfying Eq. (4.65). 
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Equations (4.65) and (4.68) constitute the standard or full Newton-Raphson 
method. 
In non-linear dynamic problems, the internal forces are predicted using the 
effective stiffness matrix 
N(X )c+: ýc =f N(X )c + Kt(X)OX (4.69) 
where Kt(X) is the tangential matrix calculated at time t and 
AX = Xt+vt - Xt (4.70) 
It should be mentioned that, the tangent matrix needs to be reformed for each 
time-step and the effective load vector also has to be reformed at each equilibrium 
iteration until convergence with desirable tolerance is achieved. Since a large 
computational effort is required in factorization and reformation of these matrices 
it is essential to seek a strategy to minimize these operations. 
Chen [185] proposed an algorithm based on a relaxation of the response in- 
crements obtained by the Modified Newton Raphson scheme. It was reported 
in [185] that the algorithm is stable even if large load sizes are adopted for the 
analysis. 
The accelerated constant stiffness iteration proposed by Chen is shown in Fig. 
4.7. More detail can be found in [185]. The computational aspects and numerical 
evaluation of the mixed-time implicit-explicit methods for structural dynamics 
have been presented by Liu et al. [286]. Two numerical examples were shown to 
examine the efficiency of the scheme. 
The currently available techniques for the iterative dissipation of the residuals 
may be categorized as: 
4.7.2 Modified Newton-Raphson method (MNR) 
In several variations of the standard non-linear solution procedures the tangent 
stiffness is only updated occasionally such as Initial Stiffness and Modified NR, 
which will be explained here briefly. 
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Initial stiffness methods (IS) 
In this approach, the internal forces are predicted by 
N(X)t+, \t =f KXt+vc + P(X )t 
v 
where K is the initial stiffness matrix and P(X )t is the pseudo-force. 
(4.71) 
The IS method seeks to reduce the computation costs associated with the NR 
method by employing the original structural stiffness matrix Ko at all times when 
determining the search direction, Eq. (72). In this way, after the first increment of 
the first iteration, only Equation resolution needs to be performed. This approach 
has been shown to be unconditionally stable [187]. However, whereas the NR 
method possesses a quadratic rate of convergence, the Initial Stress approach 
has only a linear rate, and convergence can be slow if the structure exhibits a 
high degree of nonlinearity. Therefore, an efficient algorithm can be found by 
combining the two approaches and the stiffness matrix needs to be factorized 
only once during a load increment thus is termed the Modified Newton method 
(MN). 
The Standard and Modified Newton-Raphson methods are depicted schemat- 
ically in Figs. 4.8 A and B. 
Non-linear solution techniques in direct integration meth- 
ods 
4.7.3 Implicit algorithms in non-linear problems 
In this section the solution algorithms for linear problems already described are 
extended to account for non-linear behaviour. Two basic modifications are re- 
quired to be made. 
1. The equivalent nodal elastic resisting forces (internal forces) of the 
structure i. e. KX, must be replaced by its non-linear counterpart 
KX given by Eq. (4.1) 
163 
2. The displacements and the corresponding stress should satisfy the non- 
linear stress-strain relationship of the structure's material. 
The equilibrium condition is 
MXt+bt + CXt+bt + N(X )t+bt = Pt+bt (4.72) 
where the equivalent internal force vector N(X )t+vt is given by 
N(X )c+bc =f, Bt+bco-(e)c+se dV (4.73) 
c 
In the above Equation, N(X )t+st, is the nodal plastic/elasto-plastic resisting 
force, B is the strain-displacement matrix and 0 is a non-linear function of E 
depending on the constitutive material low defined as 
a= F(E) (4.74) 
The integral is taken over the element volume at time t+ At. 
A formula is required to predict the internal forces at time t+ At, in terms 
of the internal forces at time t, which may be made by two approaches, tangent 
stiffness and initial stiffness methods. 
4.8 Explicit algorithms in non-linear problems 
For non-linear analysis the displacement at time t+ At is calculated by considering 
the equilibrium equation of the discrete structural system at time t. In this case 
the equilibrium of motion can be written as 
MX + CX + pint = Pert (4.75) 1 
where, P="t is the nodal visco-elastic or visco-elasto-plastic resisting forces which 
is evaluated by N 
Pint _ 
Ef B T o) dV 
1=11 
(4.76) 
where B is the strain-displacement matrix and or depends on the non-linear be- 
haviour of the material. The integral is taken over the element in which one or 
164 
more Gauss points have reached their yielding point according to the proposed 
failure criterion. For example, for the central difference method Equation (4.53) 
becomes 
( 
12M+ 1 
C)Xt+At = peýt(t)_(N(Xt)_ 
2 
M)Xt -( 
1 
M- 
1 
C)Xt-ot Et 2At Ott Ott 2[ßt) 
(4.77) 
In each time-step, the excess stress vector is evaluated using the proposed failure 
criterion. The visco-plastic strain is evaluated and is subtracted from the total 
strain to obtain the elastic strain. The internal force N(Xt )Xt is determined 
using Eq. (4.76), The residual force vector 0 is evaluated using 
= Pn+l - [M' 1+ -Pn+1 
1 (4.78) 
The unknown vector Ad is evaluated using Ke ff Ad = and the displacement 
vector is modified through iterations until the residual force is converged. The 
convergence criterion used for the examples is in the form 
n+l < tol 1_ on+1 
(4.79) 
where 0;, +1 and 0n+i are the residual 
force vectors for the ith and first iteration 
respectively and the tolerance tol is equal to 0.05. 
It is worth noting that all terms in the right hand side (effective force F) of 
Eq. (4.77) are determined at time t and t- At so that the displacement at time 
t+ At is obtainable explicitly. 
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Chapter 5 
Stability and Accuracy Criteria 
for Numerical Algorithms 
5.1 Introduction 
The term stability refers to the study of errors made at one stage of the com- 
putations and how they may affect subsequent computations. The differential 
equation to be solved has a solution which remains bounded as time t increases 
and it is required that the numerical solution should have the same property 
which if so, means that a stable solution has been obtained. 
As previously stated, most of the implicit integration methods for the solution 
of discretised equations of structural dynamics are 'stable' algorithms, but have 
problems associated with 'accuracy'. On the other hand the explicit methods 
have the advantage of 'accuracy' but are only 'conditionally stable '. Therefore, 
a comprehensive study of stability and of the various algorithms available is nec- 
essary. 
The aims of this chapter are summarized as follows 
" To review the mathematical forms of various types of errors arising from 
numerical analysis of dynamic problems . 
" To assess the accuracy and stability of currently used methods of integra- 
tors. 
I 
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" To assess the inaccuracies arising from the time- discretis ation used in direct 
methods. 
" To compare the numerical stability of the direct integration methods dis- 
cussed in Chapter 4. 
" To discuss and assess the instability due to visco-plastic strain approxima- 
tion in visco-plastic problems. 
The Chapter starts with the definitions of some of the terms used in dynamic 
problems and continues with an explanation of the accuracy of some currently 
used methods. The next section is devoted to a discussion of the accuracy of the 
Newmark family of methods, and a discussion of the methods for deriving the 
stability conditions of implicit and explicit algorithms. The artificial algorithmic 
errors, numerical dissipation and dispersion, are the subject of the next sections. 
In the next section the effect of numerical damping on the structural responses 
using the currently used integration methods is discussed and assessed. 
The chapter closes with a description of the stability criteria in non-linear 
analysis of static and dynamic problems. 
5.2 Errors in numerical analysis of dynamic 
problems 
Local and global truncation error 
In the numerical analysis literature two measures of error of the Linear Multistep 
Method (LMM) are usually defined. These are the local truncation error (LTE) 
and the global truncation error (GTE) [174-176,188,189]. 
The local truncation error (LTE) 
The local truncation error is the error that occurs during a time step assuming 
that there are no previous errors, thus all of the back values are exact. The local 
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truncation error can be defined by the associated linear difference expression [158] 
k 
LT E_ [a. iýYt+jvt - Otloj1Y +jvc] (5.1) 
J=o 
where X(t) is a continuously differentiable function in the interval of integration 
and q takes values 1 or 2 according to whether (5.1) is a first or second order 
ordinary differential equation. By expanding as a Taylor series it can be shown 
that the expression is equivalent to a principal local truncation error (PLTE) of 
the form 
Tn+k 
- 
Cp+10tp+1Xn+1 + O(ztp+2) (5.2) 
where p, a positive integer is the order of the method and Cp+i is the error 
constant. 
The term Cp+10tp+lXP+1 is referred to as 'Principal local truncation error' 
or PTLE. Relation (5.2) can be used for both explicit and implicit methods. The 
global truncation error (GTE) is the actual accumulated error at a given time t, 
thus the global error is defined by 
En+k =X(n+k) -Xn+k (5.3) 
where X (n + k) X, +'k) and'1are the exact and the numerical values respectively. 
It can be shown that, while the local truncation error is of order p+1 the global 
truncation error is of order p due to accumulation [158]. Therefore, the error 
associated with each increment (LTE) in the Euler Rule is of order O(Ot2) and 
the global truncation error (GTE) is of order O(At'), hence, the Euler Rule 
methods are more suitable for 'predicting' the unknown value in each time-step. 
In fact, the Modified Euler Rule can be categorized as a simple predictor corrector 
rule Fig. 5.1. 
Round-off Error 
When working with a limited number of digits to represent a number as on 
a computer, rounding error is inevitable for most arithmetic calculations. Its 
value is dependent upon the precision of the computational accuracy chosen for 
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example, single-precision, double-precision or triple-precision. In the numerical 
solution of differential equations, computers can retain only a finite number of 
significant figures. Hence rounding errors increase as time-length decreases. 
Users usually choose to work in single-, double-, or triple-precision and have 
no further control over the level of round-off errors which is a fixed value for a 
specified computer. The point is that as At tends to zero, the rounding-off tends 
to infinity, thus what common sense tells us is corroborated that, in general, 
convergence to the accurate solution can never be achieved in practice with a 
computer that works in finite arithmetic. 
Starting Error 
Since initial value problems are being solved numerically, a further numerical 
error the so called 'starting error 'is likely to occur [188,189]. 
It is worth noting that [158] 
Contrary to the effect of truncation error on the order of GTE, there is no 
loss of order in the starting errors due to accumulation. In other words, one can 
afford to take starting error equal to O(Otp) without altering the order of GTE. 
5.3 Accuracy 
The accuracy of numerical integration methods is affected by many parameters. 
Apart from the expected acceptable tolerance usually defined in engineering prob- 
lems and the round-off error due to the capability of the computer, the accuracy 
of a numerical algorithms, can be categorized as follows: 
" 'Spatial discretisation' accuracy. 
" Accuracy due to the order of the integrator used in the method. 
9 'Time discretisation' accuracy. 
" Accuracy due to numerical damping. 
C 
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5.3.1 Spatial discretisation accuracy 
According to the Sturm separation theorem [141], the values of the natural fre- 
quencies of a system decrease as the number of degrees of freedom increase. In 
other words, if A, denotes a symmetric rxr matrix and At(Ar) denotes the ith 
eigenvalue of the matrix A, then 
Ai(Ar+l) < At(Ar) < Ai+l(Ar+l) (5.4) 
It can be deduced that, the error due to spatial discretisation increases as the 
number of elements in the mesh is decreased [157]. 
---------- 
The influence of spatial discretisation on the natural frequencies of structures 
has been studied and is discussed in the next section. 
5.3.2 The effect of spatial discretisation on the natural 
frequency 
As previously mentioned, in the finite element method the stiffness of the sys- 
tem is influenced by the number of degrees-of-freedom, the number of nodes per 
element, the type of shape function and the number of integration points in an el- 
ement. Assuming the shape function and Gaussian points are defined, the natural 
frequencies of a system decrease as the number of elements in mesh is increased. 
This will be shown by an example in the following section. 
Example 5.1 
In order to assess the effect of spatial discretisation on the structural natu- 
ral frequencies, a cantilever beam has been analysed using different number of 
isoparametric elements. The beam has been spatially discretised using 8-noded 
isoparametric element. The consistent mass matrix has been evaluated using a 
3 by 3 integration points. A program originally developed by Smith et al. [116] 
has been used for evaluating the natural frequencies. 
The natural frequencies of the cantilever beam for different numbers of ele- 
ments have been evaluated and the effect of spatial discretisation on the natural 
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frequencies has been studied. 
The influence of spatial discretisation on the natural frequency is shown in 
Tables 5.1 A, B and C. It can be seen that as the number of elements in mesh 
increases, the natural frequencies are decreased, hence the natural frequencies of 
the system tend to real structure as the number of elements become infinit. 
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Table 5.1 A The effect of spatial discretisation on the natural frequencies in 
a cantilever beam. The natural frequencies are given as the ratio of the natural 
frequencies with respect to those of the finest mesh which are given in the first 
column. 
Node 
number 
N. F. with 
6x3 elements 
N. F. with 
4x2 elements 
N. F. with 
4x1 elements 
N. F. with 
2x1 elements 
N. F. with 
1x1 elements 
1 25.44107 1.0039 1.0106 1.0177 1.0471 
2 130.6982 1.0084 1.0252 1.0660 1.2600 
3 164.6240 1.0013 1.0020 1.0176 1.4101 
4 303.1367 1.0232 1.0430 1.1650 1.9504 
5 492.9397 1.0024 1.0030 1.0183 1.8496 
6 495.5647 1.0628 1.0730 1.4384 2.0730 
7 702.5972 1.0413 1.0783 1.2850 1.5869 
8 817.26-17 1.0007 1.0062 1.1689 1.8164 
9 870.2709 1.0437 1.1103 1.1632 2.4494 
10 974.7750 1.0647 1.0062 1.1560 3.4035 
11 1032.459 1.0795 1.0530 1.3013 
12 1114.044 1.0144 1.0440 1.2540 
13 1157.827 1.0121 1.0290 1.2385 
14 1193.802 1.0780 1.1098 1.2540 
15 1269.096 1.0284 1.1056 1.2411 
16 1290.171 1.0248 1.1031 1.2248 
17 1307.447 1.0176 1.1239 1.6190 
18 1321.474 1.0310 1.1302 1.7040 
19 1346.663 1.0773 1.1263 2.4621 
20 1374.579 1.0946 1.1929 2.4185 
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Table 5.1 B 
Node 
number 
N. F. with 
6x3 elements 
N. F. with 
4x2 elements 
N. F. with 
4x1 elements 
21 1472.3065 1.0680 1.1596 
22 1478.9487 1.1069 1.2219 
23 1571.1315 1.0961 1.1941 
24 1571.6720 1.1521 1.1980 
25 1683.8560 1.1159 1.1990 
26 1721.2656 1.1063 1.2156 
27 1781.1402 1.0950 1.1881 
28 1857.1439 1.0991 1.1632 
29 1891.1807 1.1079 1.1618 
30 1914.1590 1.1196 1.1917 
31 1979.5785 1.1122 1.1930 
32 1996.9917 1.1338 1.3287 
33 2047.7331 1.1334 1.3429 
34 2171.2522 1.1312 1.2883 
35 2214.7471 1.1743 1.4304 
36 2289.4969 1.1485 1.4155 
37 2290.8765 1.1681 1.4472 
38 2355.9598 1.1617 1.4085 
39 2381.4442 1.1755 1.3956 
40 2483.9296 1.1321 1.3834 
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Table 5.1 C 
Node 
number 
N. F. with 
6x3 elements 
N. F. with 
4x2 elements 
41 2558.4741 1.1415 
42 2571.8600 1.1385 
43 2574.3197 1.1570 
44 2578.9177 1.1846 
45 2617.7935 1.1685 
46 2646.1086 1.1859 
47 2672.6297 1.2073 
48 2708.8029 1.1935 
49 2731.0088 1.1955 
50 2806.8827 1.1818 
51 2853.2999 1.1947 
52 2869.3881 1.2747 
53 2947.9099 1.4104 
54 2973.6149 1.4060 
55 2984.4000 1.4035 
56 2990.0379 1.4164 
57 3003.9173 1.6160 
58 3066.4938 1.5907 
59 3104.1695 1.5802 
60 3119.2387 1.5960 
61 3181.3661 2.0833 
62 3187.3890 2.080 
63 3233.2845 2.050 
64 3315.8425 2.001 
179 
5.3.3 Accuracy due to the order of the method 
In order to assess the accuracy of methods currently used, a number of methods 
are discussed in the next sections. 
Basic Euler and modified Euler method 
A number of direct integration approaches are based on the ' Euler Rule 'and 
are normally expressed in the form 
yn+i =yn+Otyn+(O) t2 (5.5) 
where yn =f (yn,, tn). y,, +i is the approximated functional value and y, is the 
given initial condition. Since the local truncation error associated with each 
time-step At is of the order (O)Ot2, and the global truncation error over many 
intervals is of order (O)At [158], this method can be inaccurate. 
The Modified Euler method uses a truncated Taylor series in which the first 
and second derivative terms are retained, that is 
Atz 
Yn+l _ Yn + Otyn +2 yn (5.6) 
Substituting 
Yn (5.7) yn At 
into Eq. (5.6) and rearranging gives 
Yn+1 = Yn + 
At 
(yn + yn+i) + (0)Ot3 (5.8) 
2 
where 
yn = f(yn7tn) (5.9) 
(5.10) ýJn+l = 
,f 
(yn+1, tn+i) 
Clearly, the local truncation error is now of order three and the global trunca- 
tion error is of order two consequently, the Modified Euler method is one order 
more accurate than the Basic Euler method. The Euler method is demonstrated 
graphically in Fig. 5.2. 
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5.3.4 Accuracy of the Newmark family of methods 
Order of the method [161] 
The Newmark method can be expressed as 
MXn+1 + `i 
Xn+1 + KXn+1 = Fn+1 
xt+Lýt = xt + otx + (At)2[(1/2 - ß)xt +, ixt+, It] 
Xt+ýt = Xt+At[(1- 7)-Yt + 74t+At] 
(5.11) 
(5.12) 
(5.13) 
As previously described, the parameter -y determines the order of the accuracy of 
the method. The Newmark method is a single-step in the vectors [Xn, X,,, Xn] 
whereas it is equivalent to the two-step (three-time-level) if written as a difference 
scheme in the displacements. The condition under which the local truncation 
error of the Newmark method is of order O(Ot2) can be obtained using Eq. (5.2) 
and the required consistency conditions from which with -y = 1/2 the accuracy 
of the method id of order O(Ot2) and is the same as when C=0. 
Period Elongation Error (numerical dispersion property) and Artificial Algo- 
rithmic Damping Error ( numerical dissipation property ) of the currently used 
numerical integrators will be discussed and assessed later on. In the next section, 
the theoretical stability conditions under which the critical time step is obtained 
will be discussed. 
5.4 Stability problem 
5.4.1 Theoretical stability conditions 
In order to assess the stability of an algorithm, it is necessary to investigate the 
eigenvalues of the system [150,151]. The equilibrium equations of motion are 
cast in normal coordinates which together with the prediction relation for the 
displacement and velocity enables the construction of a3 by3 matrix in the form 
X, 
+, = 
AXn + rn+1 (5d4) 
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where X the so-called state vector is 
Xn = [dn, Otvn, Ot2a, ]T 5.15) 
A is the 'amplification matrix 'and rn+l is the 'load vector' which is independent 
of the state. 
The stability conditions for the parametric Newmark Family of Methods will 
be developed here, more details are given in [189]. 
The Newmark integration scheme in normal coordinate can be written as 
. 't+vt + 2ýwXt+vt + w2Xt+Jt = rt+vt (5.16) 
and the parametric relations for the displacement and velocity are expressed as 
Xt+ýc = Xc + [(1 -8 )Xt + bXt+vt]At (5.17) 
Xc+-ic = Xt + At-Yt + [(1/2 - a) + a. t+vt]Ot2 (5.18) 
The above equations can be arranged in the following form 
Xt+ Jc, Xt+:, Ic, Xc+JC 
T. A Xt, ±t, Xt I +Lc+At (5.19) 
where 
-(1/2 - ß)9 - 2(1 - 7)k 1 (-9 - 2k) l (-0) 
A (1/2 - , ß)1'e - 2(1 - -y)7k] 1-9- 2-Yk 
ät (-8-y) 
LOt2[1/2 -ß- (1/2 - ß), Q6 - 2(1 - 7)ßk] At(1 - X38 - 2ßk) (1 - ß9) (5.20) 
and 
8=I + 
2'Y 
+al-,, k= (5.21) 
w 2At2 UJ At cvAt 
LT =I -0 
0-Y 
, 
00 
(5.22) 
2 w Ot w At cý 
Stability and accuracy of an algorithm can be shown to depend on the eigenvalues 
of the amplification matrix A. 
For deriving the accuracy and stability conditions, two points should be taken 
into account: 
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" If a method is stable then the free-vibration response is stable. Considering 
the free-vibration response, Equation (5.14) becomes 
Xn+1 
= AX,, (5.23) 
" Since viscous damping causes an increase in the critical time-step, the un- 
damped response of the desired approach will be considered. 
The eigenvalues of A are determined by the characteristic Equation 
det(A;; -A)=A3-2AIA2+A2A-A3=0 (5.24) 
in which A1, A2, A3 depend on the numerical algorithm . 
The maximum absolute 
value of the eigenvalues (A1, A2, \3) of A is called the ' spectral radius 'denoted 
by p(A), thus 
P(A) = max[. t1, A2, A3] (5.25) 
By repeated use of (5.23), the velocities and accelerations can be eliminated; then 
the difference Equation in terms of displacements can be obtained as 
do+i - 2A1dn + A2dn-1 - A3dn-2 = 0, E (2,3 ... N- 1) (5.26) 
The discrete solution for d,, has the form 
do = Ci. \i + c2 + C3A3 
(5.27) 
in which C1, C2 and C3 are determined from initial data. 
Only two sets of eigenvalues will be obtained either 
1. Two complex-conjugate roots (principal roots) i. e. 
A1,2 =A± iB (5.28) 
and one so-called 'spurious' root 
A3 G 11,2 (5.29) 
which satisfy 
or 
)t3 I<I %11,2 (< 1 
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2. Three real roots A1, A2, A3. 
The first case is desirable because substituting (5.27), into (5.26), leads to dis- 
placements d 
do = pn(C1 COS SZDT + C2 sin SZDT) + C3A3 (5.30 
in which 
P= A2+ B2 (5.31) 
is the spectral radius. Comparing (5.30) with the exact solution for a viscously 
under-damped free-vibration, which in general has the form [168] 
Un = exp -e, Sl 
[do cos 11D + C2 sin SZ DT] (5.32 
in which 
c2 =1 (ýnwDdo + "tip) (5.33) WD 
where, do and v0 are the initial displacement and velocity, WD and OD are physi- 
cally damped frequency and sampling frequency, respectively, and 
WD = cý 1-2 (5.34) 
The terms in Eq. (5.30) can be specified as 
" Artificial (numerical) frequency 
cv=wQ 1-2 (5.35) 
in which wa is the artificial (numerical) undamped frequency. 
" Numerical Sampling frequency 
SZ = w:, t (5.36) 
B 
SZ = arctan(A (5.37) 
184 
" The artificial (numerical) period can be related to artificial (numerical) 
frequency by 
T=2ý 
w 
(5.38) 
Therefore a numerical error known as the'relative period error' or 'disper- 
stony can be defined as 
T - T er _ T 
(5.39) 
" Algorithmic (artificial) damping ratio due to numerical induced energy dis- 
sipation can be determined by 
ln(A2 + B2) 
2O 
(5.40) 
in which 
O- WaLtA (5.41) 
1- ýz 
The spectral radius, the algorithmic damping and the relative period error are 
commonly used as criteria for assessment of a numerical algorithm. 
For completeness, it is noticed that, the logarithmic decrement = ln[ d(In) J7 d(tn+ß') 
and amplitude decay function AD = 1- d t"+T are also measures of algorithmic d(t) I 
dissipation. Either of these measures determines the other since 
A 
AD =1- exp(- b) 
Remarks 
(5.42) 
" The first two roots of the characteristic Equation (5.24) must be complex- 
conjugate. Beyond the bifurcation point where the roots of the character- 
istic equation Eq. (5.24) change from complex-conjugate to real values so 
that the comparison is not longer valid. 
" From Equation (5.30), it can be deduced that, the spurious roots . A3, must 
be much smaller that the complex-conjugate roots and a large spurious root 
may causes significant errors in the numerical solution. 
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" In numerical analysis of dynamic problems, more attention must be focused 
on the effects of numerical dissipation and dispersion induced by higher 
modes. 
5.5 Stability conditions for explicit algorithms 
As mentioned previously, the most significant shortcoming of explicit methods 
is their conditional stability. In these procedures the time-step is bounded by a 
critical time-step obtained from the stability condition. Since the central differ- 
ence methods are mathematically equivalent to the explicit form of the Newmark 
family of methods with -y = 0.5, the stability formulations of the former will be 
derived first after which those of the latter can be obtained easily. 
For simplicity, a linear elastic single-degree-of-freedom system based on the 
modal superposition concept will be developed. 
The response of a free-vibration system is bounded if the spectral radius de- 
termined from the eigenvalues of the amplification matrix of the method if 
p(A) <1 (5.43) 
In other words, the algorithm is stable if p(A) lies in or on the unit circle in the 
Argand Diagram, otherwise the response growth infinitely. 
Using the implicit form of the Newmark Family of Methods with 0=0. which 
is the case for explicit algorithms, the Amplification Matrix A for the explicit 
algorithms can be written as 
-1/20 - 2(1 - ry)k 
A= pt[1 -y- 1/2-y8 - 2(1 - ry)ryk] 
1/20tz 
with the third eigenvalue A3 = 0. 
vc (8 - 2k) ii (-e) 
1- 8-y - 2-yk (-B-Y) 
At 1 
The values A and B Eq. (5.28) is obtained as 
+ 1/2) 
2 
(5.44) 
(5.45) 
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ý2 
B=SZ 1-4(+1/2)z (5.46) 
The spectral radius of A is traditionally plotted against wAt Fig. 5.3, for various 
values of y. As is shown, the explicit Newmark method is stable if p(A) <1 
which is possible under the condition that: 
1/2 (5.47) 
V7 (5.48) 
From (5.46) it can be easily determined that, the requirement for a stable oscil- 
latory response is 
y+ 1/2 
(5.49) 
and the eigenvalues are real if 
2< 
SZ < (2 )1/2 (5.50) 1/2 
Hence 
2 
_7+ 1/2 
(5.51) 
is a bifurcation point beyond which p(A) increases rapidly. Fig. 5.3. 
The conditional spectral stability for explicit algorithms can be obtained by 
substituting -7 = 1/2, in Equation (5.51 from which the maximum stability limit 
leads to 
11 = wOt <2 (5.52) 
and the time-step restriction for each frequency is 
At <? (5.53) 
U) 
It is a simple exercise to verify that the maximum frequency of the system satisfies 
the bound [177] 
Wmax < max Wmax (5.54) 
Where W ax, 
is the maximum frequency of the unrestrained ith element then 
Otcr <2 (5.55) P. 
max 
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for undamped system. 
The following should be noted: 
" In cases in which viscous damping is included in the system , Equation 
(5.48) changes to [177]. 
Q< 
+ 2-y) - (5.56) 
7 
where ý, is the viscous damping coefficient. Therefore the effect of damping 
is to increase the critical time-step of conditionally stable schemes and the 
undamped critical sampling frequency specified by Equation (5.56) serves 
a conservative value. 
" When viscous damping is absent, the maximum value of 0 occurs for -y = 
1/2 that is, S2 =2 which is the same result as for the central difference 
method. 
9 The critical time-step At,, can be expressed alternatively as the time re- 
quired for an acoustic wave to transverse the element with the least transver- 
sal time. For homogeneous strain elements, this condition can be rewritten 
as 
Otcr '5 
1 
C 
(5.57) 
where 1 and C are the element length and acoustic wave speed [190,191]. 
9 The stability and accuracy of a non-linear system is based on the fact that a 
non-linear system can be considered as piece-wise linear, where the tangent 
stiffness will represent the properties of the material at each time-step. This 
implies that for a hardening system as well as softening, the selected time- 
step will remain conservative if it is based on the initial linear stiffness of 
the system. 
The artificial algorithmic damping ' in the explicit Newmark method is plotted 
against sampling frequency w%t 
for different -y in Fig. 5.4. It can be seen that 
the explicit Newmark algorithm with -y = 1/2 exhibits zero damping and also has 
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the minimum numerical period distortion/ shift phase Fig. 5.5. Therefore, it is 
deduced that the algorithm is most accurate when -f = 1/2. Fig. 5.6 illustrates 
the relative period elongation of free-vibration response obtained with -y = 1/2. 
The numerical instability caused by the time step can also be seen in the figure. 
The round-off error effects on the free-vibration response of a linear single- 
degree-of-freedom system using the basic central difference method and the ex- 
plicit Newmark method are plotted versus time in Fig. 5.7. This demonstrates 
the greater accuracy of the Newmark method compared with the central differ- 
ence algorithm. 
In the next section, the accuracy due to artificial algorithmic damping is 
discussed. 
5.5.1 Accuracy due to artificial algorithmic damping 
Numerical dissipation or period elongation (PE) 
Period Error or Period Elongation (PE), is a measure of accuracy which can be 
used for comparing the efficiency of an algorithm, particularly when the higher 
modes are to be taken into account. Fig. 5.8 illustrates the the relative period 
elongation for some implicit algorithms. It can be seen that, the Houbolt method 
results in the maximum errors and the trapezoidal rule gives the minimum. 
Numerical dispersion or amplitude decay (AD) 
Since, as previously discussed the higher modes are likely to contain more numer- 
ical errors a desirable property for an algorithm which is to be used in structural 
dynamic problems, in which the role of the higher modes is not expected to con- 
tribute to the response of the system, is to filter the high frequency contributions 
out of the solution and to ensure simultaneously that the lower modes are not 
affected significantly. The mode number after which the effects of higher modes 
are to be damped depends upon the desired accuracy and the frequency of the 
applied load. Figs. 5.9 
A, B, demonstrate the numerical dissipation property ver- 
sus relative period 
(higher mode period /fundamental period) of some algorithms 
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and the corresponding spectral radii are illustrated in Figs. 5.10 A and B. These 
results confirm that, the Wilson 0 Method exhibits appreciable (AD) error whilst 
the Trapezoidal Rule exhibits no dissipation property. It can be seen that, for the 
a-dissipation method and the Newmark algorithm with 0=0.3025 and -y = 0.6, 
the spectral radii are less than one as At tends to infinity which ensures that the 
response of higher modes is likely to be damped-out. 
The bifurcation point at which the complex conjugate principal roots tends 
to real roots in the Wilson-8 Method, i. e. rt ,: . 3, is shown in Fig. 5.10 B. 
The effect of Amplitude Decay Error ADE on the first and second modes of the 
tip-displacement of a cantilever beam under harmonic loading using the Wilson-8 
Method with 8=1.4 is demonstrated in Fig. 5.11. This ensures that, for Tý 
the algorithm has no numerical dissipation property, while for TZ the response 
amplitude is damped-out strongly, (see Fig. 5.10 A). The effect of the variation 
of 8 in the Wilson Method is plotted in Fig. 5.13 showing how the spectral radius 
changes with varying 8. 
5.6 Implicit algorithm stability conditions 
In contrast with the explicit algorithms in which stability limits restrict the time- 
step, implicit methods are mostly unconditionally stable and it is the accuracy 
requirement and computational cost that dominates the choice of time-step for 
non-linear problems. However, the slow convergence in iterative procedures, or 
errors introduced due to approximating the non-linear effects usually dictate the 
maximum acceptable time-step [169,170,189,192-195]. The same procedure as 
used for explicit algorithms, can be used to determine the conditions under which 
implicit methods are stable, as follows. 
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5.6.1 Stability conditions 
By evaluating the roots of the characteristic polynomial Eq. (5.24) the conditions 
under which the algorithm is stable are obtained as: 
CA t+ w20t2(y - 1/2) >0 
w2Ot2 >0 
The algorithm has 
" Unconditional stability, if 
20>y> 
2 
9 Conditional stability, if 
11 
and 
4+ Czt(4y - 2) + w20t2(4ß - 2y) >0 
Ot < 
ý('Y- 
2)+ 7/2-, 
Q+ý2(, y_1/2)2 
Wmax(2 - 
0) 
(5.58) 
(5.59) 
(5.60) 
(5.61) 
(5.62) 
(5.63) 
The same results are obtained as with C=0. However, for C>0 can have _ 
1/2 to give a second order method and the roots of the characteristic polynomial 
will of course, still have a spectral radius less than unity [190,191]. 
A variety of useful techniques obtained from the Newmark Family of Methods 
is listed in Table 5.2. It can be seen that the methods have no algorithmic 
damping and are second-order accurate when -y = 2. 
5.6.2 Stability conditions for the k-step algorithms 
The k-step numerical algorithms such as the fourth-order Runge-Kutta scheme 
are k-step for the displacements and give the following recurrence relations when 
applied to the forced equation of motion, 
k 
[a; M + ^yj tC +At2K]X,, +; = F(t) (5.64) j-0 
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where F(t) are weighted values of the forcing function. 
If the vector 
., 
Yn+J 
=T n-ýJ U (5.65) 
is assumed to be the general solution of the homogeneous equation 
k 
I: [a. iM +'YjOtC +; Ot2K]X+j =0 (5.66) 
3-u 
then the above equation has a non-trivial solution if 
k 
det j k[aiM + y; AtC + ßjOt2K]r' J= 0 (5.67) 
=0 
If cn is assumed to be a particular solution, then the solution of Equation (5.65) 
is 
Xn+j = rn+j U+ On (5.68) 
Substituting (5.68) into (5.67), gives the characteristic polynomial of the form 
a; M +'y; OtC , Q; ot2K]r =0 (5.69) j-U 
The numerical solution given by Equation (5.69) is ' stable' if all the roots of 
the characteristic polynomial (5.67) lie in or on the unit circle in the Argrand 
diagram [192,193]. 
There are different kinds of stability depending on the eigenvalues of the A 
matrix, which are given by det P(. A) = 0: 
" AO -stable algorithms are those which give stability for differential equations 
with real negative eigenvalues [192]. In other words, for any value of A., Ot 
on the negative real axis in Fig. 5.14, these algorithms which would apply 
to the dynamic equation with all overdamped modes, are stable. 
" A-stable algorithms are those with stable solutions for values of aj/t any- 
where in the left-hand half plane in Fig. 5.14 [193]. 
" Conditionally stable are algorithms if it is stable only for values of AOt on 
one side of a stability boundary Fig. 5.14. 
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"A further result of Lambert [158] may be added as 
The A-stable method with second order accuracy and the smallest error 
constant is given by the Trapezium Rule. 
5.7 Stability criteria in non-linear analysis 
The stability conditions discussed earlier are based on linear material behaviour. 
In this section the stability conditions required in the nonlinear analysis of struc- 
tures under transient force are discussed. 
If the explicit form of visco-plastic strain approximation is used in non-linear 
analysis of dynamic problems, another stability criterion is added to the problem. 
The implicit form of visco-plastic strain approximation for the displacement 
increments, discussed in Chapter 4, has the form 
KAX ': - Afn + (1 - 8)Otn 
f BT D& dQ + 80t 
f BT DE +id1 (5.70) 
in which L1º f a(t) is the effects of applied 
(body and boundary) loads, thermal 
strains, etc. By taking the time discretisation parameter 0=0, an explicit form 
of the above equation is obtained in the form: 
f KOX, = L1 fn + Ot BT DEndf2 n 
(5.71) 
in which D is the material stiffness. The stress increments can be determined by 
OQn = DBOxn -- 
OtnDEn (5-72) 
Substituting OX from (5.71) into (5.72) leads to 
ýýn = DBK-1(Ot 
f BT Di d12 +Af,, ) - AtnDi' (5.73) 
The explicit form of visco-plastic strain increment in a time-interval At can be 
expressed as 
DEn = OtEnp = Atlýn(G*n)O'n 
(5.74) 
in which Tn is the 'visco-plastic strain-stress matrix', which is a local symmet- 
ric stress-dependent matrix whose specific 
form depends upon the yield criteria 
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employed. For isotropic situations with an associated visco-plastic law, r,, is sym- 
metric and its order is that of the number of stress components in the constitutive 
relations i. e. 6,4,3 for three-dimensional, plane strain/axisymmetric and plane 
stress situations respectively. Matrix IF,, is positive definite/semi-definite because 
the irrecoverable dissipation energy due to visco-plastic flow has the form 
TEvpat=CTp 
./ t%0 (5.75 
Putting (5.74) into (5.72) gives 
OO'n = DBK-'(At 
f BT Dr, O"ndl +0 fn) - AtDr,, O-n (5.76) 
Dividing both sides by At leads to 
= DBK-' 
f BT DI'n, opd1l - Dr, ýo- + DBK-' f (5.77) n 
which is equivalent to the first order ordinary differential equations of the form 
dY=AY+B 
dt 
(5.78) 
As previously stated, the eigenvalues of the A restrict the maximum time-step of 
the system. 
The Jacobian matrix of the system Equation (5.77) can be written as 
J= 
a6- 
=A= DBK-1 BT DHdQ - DH (5.79) 
f 
a 
in which H= '9ýö is the form in which the stability conditions are determined. 
Cormeau [118] proposed the stability criteria for Von Mises, Drucker-Prager, 
Tresca and Mohr-Coulomb by ignoring the first term of (5.79) to obtain an upper 
bound for the shared eigenvalues of H, and D matrices. Cormeau's formula which 
is an under estimate of the critical time-step may result in serious problem in long 
duration problems due to round-off error and evaluating the eigenvalues of DH 
seems to give a more reasonable critical time-step. 
5.7.1 Conclusions 
The assessment of a numerical algorithm should be based on 
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" firstly, the required computational effort and 
" secondly, the required accuracy. 
As mentioned previously, in general, structural dynamic problems can be placed 
into one of two categories. The first are those which comprise the loading of 
low to medium frequencies, e. g. earthquake loading, while those under the 
loading consisting of high frequencies, e. g. impulsive loading, fall into the 
second category, each of which has its own problems associated with predicting 
the structural response. These are summarized below: 
" Since earthquake loading possesses low to medium frequencies, structures 
are designed to possess a fundamental mode frequency range beyond that 
of the applied load, hence the structural response is influenced by only a 
limited numbers of modes and the higher modes no longer play an important 
role. In this circumstance, the mode-superposition method is efficient for 
solving the problem. 
" In the second type of problem in which the higher modes should be taken 
into account, or for the first type as described above but in which a large 
problem is be analysed, a direct integration scheme is preferable. The cri- 
teria for selecting the suitable method depends on several factors such as; 
the scale of the problem, the required accuracy, and the type and duration 
of the applied dynamic load. These are. 
- In small-scale problems, attention should be focused on the order of 
integrator, critical time-step and the convergence properties of the 
method in non-linear analysis procedure. 
- The algorithm should possess numerical dissipation properties to damp 
out the numerical errors due to higher modes. The required amount of 
such numerical properties depends mainly on the nature and duration 
of the applied load. 
Since impulsive loadings are of short duration, the structural response 
is not affected seriously by the period elongation error (PEE), while the 
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amplitude decay error (ADE) may cause serious problems hence the 
method to be chosen should have the numerical dissipation property. 
In this context, the a-method proposed by Hilber et al. [168] was found 
to be efficient. In long-duration problems, ADE (sometimes called the 
Shift-Phase Error), might cause a fictitious response history, which 
may lead to unacceptable response. 
- The mixed explicit-implicit method proposed by Hughes et al. [177] 
could be suitable for such problems. However, the stability condition 
of the method is governed by the critical time-step corresponding to 
the explicit elements. The order of accuracy of the mixed methods 
can be increased by using an explicit algorithm as the predictor and 
an implicit method as the corrector. The effect of ADE and EPE still 
remain as biggest difficulty of the method. 
The chapter has also attempted to assess the critical time-step in non-linear 
dynamic problems comprising long-duration loading. It was concluded that, 
" since the time-step proposed by Cormeau [118] has been derived based on 
an upper bound of the shared eigenvalues of the D and H matrices, it is 
conservative nature i. e. is less than the critical time-step. This may 
cause serious difficulties in problems with large number of time steps due 
to round-off error. A more accurate formula is required for determining 
the critical time-step if neither the eigenvalues of the DH matrix nor the 
implicit form of strain approximation are to be used for each Gaussian point 
due to computational cost. 
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Table 5.2 Properties of well-known members of 
the Newmark family of methods. 
Method 0 y f2cm Accuracy 
Artificially damped > y/2 > 1/2 O(Ot) 
Average acceleration 1/4 l. '_ O(O12) 
(trapezoidal rule) 
c Linear acceleration 1/6 112 2V = 3.46411' Q(A12) 
= Eq. (A)"' 
Fox-Goodwin (royal 1/12 I12 - 2.449w O(A fAY.. ) 
road) Eq. p(At2)«, 
Central difference 0 1: - 21 p(O12) (MJ. (C] diagonal Eq. (A)'4' 
Artifically damped 0 > (/2 Eq. (A)'° O(At) 
(M], (C] diagonal 
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Chapter 6 
Implementation and Examples 
6.1 Introduction 
In tests it has been observed that concrete exhibits more strength and stiffness 
as the strain-rate is increased and that this strengthening and stiffening is more 
rate-sensitive in tension than in compression, Chapter 3. Poisson's ratio has 
also been observed to be influenced by strain-rate, decreasing in compression and 
increasing in tension [4,9]. 
A number of analytical models for the prediction of concrete stiffening and 
strengthening due to increasing strain-rate are described in the literature and can 
be categorized as: 
" Strain-rate-sensitive, damage based models [16,41,121,123]. 
" Models in which static stress-strain relation associated with a rate-sensitive 
function is used [6,90,94,125]. 
" Rheological-based models. 
The aim of this chapter is to demonstrate: 
a) The effect of increasing loading-rate on the reinforced concrete structures 
response. 
b) Material strengthening and stiffening due to increasing loading-rate and 
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the effect of such phenomenon on the structural response. To this end, a strain- 
rate-sensitive model based on a rheological model has been developed and a uni- 
axial static stress-strain formula has been proposed to relate the uniaxial strain- 
rate-sensitivity loading surfaces to the multiaxial situation. The above-mentioned 
are demonstrated with some examples of reinforced concrete structures under 
time-dependent loading with and without incorporating the strain-rate-sensitive 
parameters and the results are compared and assessed. Also in this chapter is 
described a computer program written in Fortran for the nonlinear analysis of re- 
inforced concrete structures subjected to transient forces particularly earthquake 
loading, which uses the model described above to predict the history-strain-rate 
sensitive behaviour of reinforced concrete structures under transient forces. 
The chapter starts with a brief explanation of the formulation of numerical 
algorithm used in the proposed model and continues with a description of the for- 
mulae used for the elastic-viscoelastic and visco-elastic-visco-plastic analysis of 
reinforced concrete structures. The next section is devoted to a brief explanation 
of the program structure. Four series of dynamic analysis of plain concrete and 
reinforced concrete structures, Hatano's concrete specimens [10], Ahmad's speci- 
men [21], a simply supported reinforced concrete beam and a reinforced concrete 
circular slab under transient force are the subject of the next sections. These 
structures are dynamically analysed excluding and including the effect of the 
strain-rate parameters on the structural response. The chapter closes with the 
comparison of the results with those previously carried out by other investigators 
and a discussion of the results. 
6.2 Dynamic analysis of reinforced concrete struc- 
tures 
Reinforced concrete structures can be dynamically analysed using different types 
of numerical techniques depending on the type of the problem and the desired 
accuracy as discussed in Chapter 4 and 5. An explicit algorithm, the Central 
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Difference Method, which has the maximum time-step, has been used in the study 
described in this chapter. As discussed in chapter 4, the governing equations for 
dynamic analysis can be summarized as 
M1Yt + CXt + KXt = Pt xt (6.1) 
( 
12 
M+1 C)Xt+, It = P(t)" - (K -2 M)ýYt-At -(1M-1 C}Xe-vc At 2 Et -2 [ßt2 2At 
(6.2) 
xc =( )(Xt+-, \c - Xc-vc) (6.3) 20t 
Xt =2 (Xt+vt - 2Xt + Xt-At) (6.4) Ot 
The acceleration vector at time t=0 X(0), can be evaluated by solving Eq. (6.1) 
at t=0. 
K(0) = M-1 [P(0) - KX(O)] (6.5) 
Xt_ýt = Xo - OtXo + 1/2At2, Yo (6.6) 
The critical time-step is a function of the maximum natural frequency of the 
system and is approximated by 
Qt< 
2 
- Amax 
e 
(6.7) 
in which we °x is the maximum natural frequency of smallest element in the mesh. 
For non-linear analysis the displacement vector Xt+vt is determined by 
( 12 M+ 
1 
C)Xt+at = Pext(t)_(N(Xt 
22 
M)Xt-, It-( 
12 
M- 
1 
C)Xt-At 
At 20t At At 20t) 
(6.8) 
in which the internal nodal force is given by 
N 
Pint =f BTcr(E)dV 
iv 
(6.9) 
where B is the strain-displacement matrix and a-(¬) is a non-linear function of 
strain which is based on the material model. For a material with associated 
viscoplasticity, a linear flow function cp(F) and Von Mises yield criterion, the 
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computational time-step for the explicit visco-plastic strain approximation pro- 
posed by Cormeau [118] of the form 
At = 
4(l + v)°-° 
3'yPE (6.10) 
has been used in non-linear analysis of the problems. In Eq. (6.10) v is Poisson's 
ratio, o-o is the visco-plastic initiation stress, E is the modulus of elasticity and 
-yp is the fluidity parameter. 
6.2.1 Pre-cracked concrete 
Concrete is assumed to behave elastically before cracking. The proposed formula 
for determining the increased initial modulus of elasticity Ed is 
Ed=Es(7EE't-1ý 
, YEE9t 
which is valid for 0<t< dt. 
The elasticity matrix D matrix for plane stress problems is given by 
1v0 
Edev10 
v 
00 12" 
and for axisymmetric problems 
1 
1-v 
v10 
Ed(1 - v) 
(1 + v)(1 - 2v) 1-v 
00 1-2v 2(1-v) 
6.2.2 Post-cracked concrete 
(6.11) 
(6.12) 
(6.13) 
As explained in chapter 2, the maximum tensile strain criterion has been adopted. 
The principal strains and corresponding directions are evaluated. The Gauss 
point is assumed to be cracked if the maximum principal strain exceeds a de- 
fined value, then a crack is formed in a plane orthogonal to the offending strain. 
The fixed cracked approach is adopted as discussed in chapter 2. The fracture 
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energy approach is adopted for post-cracked behaviour of concrete. The tension- 
stiffening effect has been simulated using an exponential curve of the form 
0' = ftexp[- 
aEO] 
(6.14 
G 
a=f l (6.15) cfc 
where, 1, is the characteristic length associated with the sampling point. leis 
evaluated from 
lc = (dV) 1/3 (6.16) 
in which dV is the volume of concrete represented by the sampling point. 
Compressive behaviour of cracked concrete 
The cracking of concrete is assumed to be a partial failure and it does not affect the 
stiffness in the direction parallel to the cracking plane as discussed in chapter 2. A 
secondary cracking may occur and viscoplastic yielding may occur if compressive 
stress is present one of the directions. 
6.2.3 Viscoplastic analysis of concrete 
The compression behaviour of concrete is modelled using the visco-elastic visco- 
plastic model described in chapter 2. In this section the equations used in the 
proposed model are summarized. 
Perzyna's visco-plastic strain-rate is given by [119] 
Ep=yp<O(F)> 
of 
(6.17) 
ac-ii 
The proposed formula for determining fluidity parameter -yp of the form 
'yP = P2EP1 (6.18) 
has been used. The values of Pl and P2 are given in Table 2.5. The effective 
strain Ee ff is given by [2] 
Eeff =V Eöcc + 1/4-y ct) (6.19) 
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where Eßt and -t,,, t are the octahedral normal and octahedral shear strain respec- 
tively. 
The exponential form of the flow function is given by 
O (F) = (F/y)N (6.20) 
where y is the initial yield stress. A value of N=1 has been used. 
The fluidity parameter -yE corresponding to dynamic modulus of elasticity is 
evaluated by 
'YE ---,: 
A2e Al 
The values of Il and I2 are given in Table. 2.3. 
(6.21) 
The proposed uniaxial stress-strain formula including strain-rate parameters 
has the form 
ý jEs 
(I 
Y7' Ec t 9.1 (6.22) a-d = Ed E9 - 
(EdEo 
- O'o 
Eo 
l 
in which Et is the tangent modulus of elasticity corresponding to the quasi-static 
stress-strain relation, t is the time corresponding to time-step n, A =, and 170 
0=2.1. o and co are peak stress and corresponding strain o and co are peak 
stress and corresponding strain. Eq. (6.22) is valid for dt >t>0 
The analyses carried out in this study are under the assumption of constant 
load-rate and the analyses stopped when the strain corresponding to the maxi- 
mum stress reached. 
The tangent modulus of elasticity Er in the proposed uniaxial static stress- 
strain formula is given by 
Et = 
ao-9 
= E, [1 - 8A( 
6' )OA-1] (6.23) ÖE9 60 
where E9 is the quasi-static initial modulus of elasticity. 
The proposed formula for evaluating fluidity parameter -IT corresponding to 
the material stiffening and strengthening has the form 
7T = T3ET2eT1(Ine)2 (6.24) 
The values of T1, T2, and T3 are given in Table 2.5. 
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6.2.4 Viscoplastic analysis of steel 
Perzyna's uniaxial model for steel in tension and compression has been used where 
Evp = ±-y, 
( o-, - 
Fy) l Fy (6.25) 
where o-s is the current stress level and Fy is the static yield strength has been 
used. The fluidity parameter -1, for steel is given by 
1's(E) = au¬3a` (6.26) 
in which a0 = 1.5386 and al = 0.9605 [90]. 
Energy balance check 
In order to guard against the artificial errors discussed in chapter 5, an energy 
balance check is used for checking the stability problem discussed in chapter 5. 
Denoting W"n W;, +1, Wn 
1 as 
kinetic, internal and external energies of the 
system respectively, the energy balance check is given as 
Wk n+ Wint - 
Wezt 
n+1 n+1 nß'1 < tol (6.27) 
Wkin + Wint - 
n+1 n+1 
where the tolerance tol < 0.03 is usually used. 
6.3 Numerical Examples 
Four dynamically loaded reinforced concrete structures have been analysed using 
the program described above. The results of the analyses are compared with the 
results of analyses carried out by other investigators. The problems analysed are, 
9 Hatano's compressive and tensile specimen tests under a uniform time- 
dependent loading [10]. 
" Ahmad's compressive test specimen under two loading-rates [21]. 
"A simply supported reinforced concrete beam under two suddenly applied 
loads . 
.A reinforced concrete circular slab under a uniform 
distributed ramp-loading. 
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6.3.1 Program structure and a brief explanation 
Program DYNICK2D 
The proposed history-strain-rate sensitive visco-elastic-visco-plastic model has 
been implemented in a two dimensional program. 
A computer program DYNICK2D has been developed for the dynamic analysis 
of reinforced concrete structures. A flow chart is given in Fig. 6.1. The strain-rate 
sensitive parameters incorporated in the material used in the analysis are 
* The initial modulus of elasticity E. 
" The secant modulus of elasticity. 
" The tangent modulus of elasticity Et. 
9 The peak-strength of the concrete op. 
The effect of the afore-mentioned strain-rate-sensitive parameters on the struc- 
tural response will be shown in the examples in the next sections. 
The structure of the program in which subroutines developed by Smith et al. 
(116 have been used are summarized as follows 
1. Read the input data, geometry, material property and loading. 
2. Calculate the element lumped mass matrix and the global mass matrix. 
3. Time-step marching 
- Evaluate total strain components at each Gauss point. 
- Check for primary or secondary cracking with respect to the strain 
states of each Gauss point. 
- Update the stress components if the Gauss point is cracked. 
- Check for visco-plasticity, if yielding occurs then calculate the stiff- 
ened loading surface. 
- Calculate the viscoplastic strain-rate components viscoplastic strain 
components. 
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- Determine the residual forces. 
- Evaluate the residual force vector 0 Eq. (4.78 
- Check the convergence criterion Eq. (4.79). if the residual force 
is converged then update the strain and stress components. 
4. Check for the crushing using the ultimate crushing surface as discussed 
in chapter 2. The stresses sustained by the concrete are released if 
crushing occurs. 
5. Write the displacement, velocity and acceleration vectors as output 
data and go to time-step marching for the next time-step. 
6. Calculate the external work done and the internal work and the kine- 
matic energies of the system and check the energy balance. 
6.3.2 Hatano's dynamic tests [10] 
Hatano's compressive and tensile specimens have been chosen as the first series 
of analyses. However, since the analyses are based on the uniaxial tests, the 
validation of the proposed model in predicting the dynamic behaviour of the 
reinforced concrete structures can not be assessed properly based on these results 
and the problem can be analysed without using finite element procedure. 
6.3.3 Example 6.1 Hatano's compressive tests [10] 
A total of 14 experiments on concrete and mortar specimens have been carried 
out. The mix proportions of the specimens are shown in Table 6.1. The com- 
pressive test specimens [10] were concrete cylinders of 10 cm diameter and 20 cm 
height which had been cured in the water at a temperature of 20 degree C until 
testing. Twenty specimens were used for each test series. The stress-strain curves 
have been drawn up on the basis of test records. The failure time t f, which is 
the time from the beginning of loading to failure, is given in the figure. It was 
concluded that as the failure time is 
decreased, the stress-strain curves becomes 
steeper. The weaker the concrete the more convex the curve that 
is obtained. 
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6.3.4 Dynamic analysis of Hatano's tests 
The analysis of Hatano's specimens have been performed in three parts and the 
analytical and experimental stress-strain curves have been compared. Three test 
series of Hatano et al. [101 have been used in identifying relevant rate-sensitive pa- 
rameters. The quasi-static analytical tests are discussed first and the compressive 
and tensile tests will be described in subsequent sections. 
6.3.5 Quasi-static compressive tests 
In this example the concrete compressive specimens have been numerically anal- 
ysed under quasi-static loading i. e. the material is assumed to have a very low 
fluidity parameter. 
The geometry of the compressive, tensile specimens, and a typical ramp load- 
ing are illustrated in Figs. 6.2 A, B and C. 
The specimen has been spatially discretised using isoparametric serendipity 
8-noded elements Fig. 6.3. The stiffness matrix has been evaluated using 3 by 3 
Gauss points and the proposed method Eq. (3.34) for producing a lumped mass 
matrix from a consistent mass has been used. Only half of the structure has been 
analysed using axisymmetric finite element. The central difference method has 
been used for time integration with a computational time step equal to . 000004. 
The details of compressive test are summarized in Table 6.2. 
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Table 6.2 Details of compressive tests simulated. 
Concrete mix Test No. Failure time (sec. ) Ultimate strain 
1: 2: 4 A4 1.08 28.5 x 10-4 
A7 0.26 28.5 x 10-4 
A14 0.06 28.5 x 10-4 
1: 4: 7 A6 0.28 18.2 x 10-4 
All 0.10 18.2 x 10-4 
A16 0.04 18.2 x 10-4 
1: 3: 5 A5 0.84 23.65 x 10-4 
A10 0.165 23.65 x 10-4 
A15 0.045 23.65 x 10-4 
The material properties of the compressive specimens are shown in Table 6.3. 
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Table 6.3 Material properties of compressive tests. 
Concrete mix 
Material properties 1: 2: 4 1: 3: 5 1: 4: 7 
Young Modulus of elasticity (Kg/ccm2) 32.1 x 104 27.5 x 104 27.2 x 104 
Poisson's ratio 0.2 0.2 0.2 
Compressive strength (Kg/cm2) 605 445 265 
Tensile strength (Kg/cm2) 31 25 20 
Cracking strain 0.75E-4 0.75E-4 0.75E-4 
Fracture energy Kgcrn/cm2 75 70 60 
Mass density Krsec2/cm4 2.45 x 10-6 2.45 x 10-6 2.45 x 10-6 
Fluidity parameters 
Pl 0.358 0.93 1.01 
P2 6.1E-3 0.61 0.115 
Empirical coefficients 
Al 0.77 0.8 . 75 
A2" 0.362 0.0773 0.0369 
Tl 0.184 0.066 -0.22 
T2 2.461 1.38 -0.78 
T3 0.07 0.026 6.11E-4 
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6.3.6 Loading 
In Hatano's tests, the load was applied to the specimen by a rotating fly wheel. 
The relationship between time and loading was approximated by 
coswt (6.28) 
where 0<f (t) < 1, for 0<t<tf, in which tf is the failure time and w 
is the angular velocity. The loading function used in dynamic analysis of the 
compressive specimens is approximated by a time dependent function in the form 
f(t) -1 tf 
(6.29) 
Numerical analysis of compressive specimens under quasi-static loading 
and results 
Three numerical analyses on the compressive specimens have been carried out 
using the lowest stress-rate ( quasi-static) reported in [10]. The strain-rate- 
sensitive parameters have been simulated in the analytical tests. The plots of 
the quasi-static analytical results for the three types of concrete in compression 
are compared with those reported in [10] in Figs. 6.4 to 12. The rate effects on 
the compressive strength of specimens are also shown in the figure which will be 
explained later on. As can be seen, the analytical quasi-static results are in a 
good agreement with those of experimental observation. 
6.3.7 Dynamic compressive tests 
The proposed rate-sensitive model in which increasing the material strength and 
stiffness are included have been used in the dynamic analysis of the Hatano's 
compressive specimens. Three analytical tests have been carried out for each 
concrete mix under different loading rates (see Table 6.2). 
The analytical results are compared with the experimental observation Figs. 
6.4 to 12. Good agreement can be seen which confirms that the model is able 
to simulate the material strengthening and stiffening under strain-rate loading 
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condition. However, the problem can be analysed without using finite element 
method. 
Benchmark 1- Comparison of the results with other investigators 
In order to compare the proposed model with other investigators, compressive 
test No. A10 on a cylinder concrete mix 1: 3: 5 has been analysed including all the 
strain-rate parameters. The same analytical test has been carried out by Bicanic 
[41] and Famiyesin [103]. Results of analyse are compared in Fig. 6.13. Since in 
the proposed model the peak dynamic strain and static strain is assumed to be 
constant while in both Bicanic and Famiyesin models the peak strain decreases 
with increasing strain-rate , the 
dynamic analysis of the specimen resulted in 
different peak strains. 
6.3.8 Example - 6.2 Dynamic tensile tests 
The tensile test specimens used by Hatano [10], had a cylindrical configuration of 
15 cm diameter and were 30 cm long. In order to localize the failure in the middle- 
section, the middle third section was beveled down to achieve a diameter of 11 
cm at the mid-section, Fig 6.2 B. Three types of experimental data for three 
concrete mixes have been used for identifying the empirical constants. Three 
tensile specimens in which increasing the modulus of elasticity due to strain-rate 
has been included have been analysed. Because the structure is symmetry only 
half the specimen has been modelled using axisymmetric finite elements. 
The tensile test details reported in [10] are shown in Table 6.4, and the ma- 
terial properties are listed in Table. 6.5. 
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Table 6.4 Details of tensile simulated. 
Concrete mix Test No. Failure time (sec. ) Peak strain 
1: 2: 4 A4 0.27 18.1 x 10-5 
A7 0.10 18.1 x 10-5 
AlO 0.035 17.5 x 10- 
1: 4: 7 A5 0.50 17.5 x 10-5 
A6 0.26 15.5 x 10-5 
All 0.09 14.5 x 10-5 
1: 3: 5 A5 0.51 20. x 10-5 
A7 0.29 18 x 10-5 
A12 0.03 16.5 x 10-5 
Table 6.5 Material properties of tensile tests. 
Concrete mix 
Material properties 1: 2: 4 1: 3: 5 1: 4: 7 
Young Modulus of elasticity (Kg/c7n2) 44.7 x 104 32.5 x 104 28.8 x 104 
Poisson's ratio 0.18 0.18 0.18 
Tensile strength (Kglcm2) 32. 27.0 20.0 
Cracking strain 0.75E-4 0.75E-4 0.75E-4 
Compressive strength (Kg/cm2) 550 445 215. 
Fracture energy Kgcrn/cm2 10 7 6 
Mass density Kgsec2/cm" 2.45E-6 2.45E-6 2.45E-6 
Empirical coefficients 
ai 0.77 0.8 0.75 
. 
1i 2 0.362 0.0773 0.0369 
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The concrete has been assumed to behave linearly elastic in tension and only 
increase in the initial modulus of elasticity was included. An ultimate strain 
criteria has been used for crack initiation. 
The analytical results for the three types of concrete mix are compared with 
the experimental data reported in [10]. The plots of the tensile stress with strain 
for different strain-rates are shown in Figs. 6.14 to 21. As can be seen, the 
peak tensile strength is more than the experimental data which is due to the 
assumption made in the model that the peak strain remain constant under rate 
loading. 
6.3.9 Example 6.3 - Ahmad's dynamic compressive tests 
An experimental investigation to establish the response of concrete when sub- 
jected to high strain-rates under short-term compressive loading carried out by 
Ahmad and Shah [21] has been analysed. The strain-rates used for the tests 
varied between 10 000 to 30 000 microstrains/sec. Cylindrical 3x3 in specimens 
were used. Table 6.6 shows the mix proportion of the specimens and the material 
properties are listed in Table 6.7. 
The Ahmad's cylindrical specimen has been analysed under constant strain- 
rates of 10 000 and 30 000 microstrains/sec. The procedure of analysis was the 
same as Hatano's tests. The peak-strain was assumed to be the same as the 
quasi-static test. The stress-strain curves of the specimen under two different 
strain-rates are plotted in Fig. 6.22 As can be seen, the concrete stiffness and 
strength are increased as the strain-rate is increased. 
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Table 6.7 Material properties for Ahmad's tests [21]. 
Concrete (ksi) 
Concrete Young Modulus E, = 4.11E +3 
Poisson's ratio v= . 20 
Peak compressive stress f=6.98 
Peak compressive strain Eo _ . 0024 
Mass density p=0.217E - 06 
Cracking tensile strain Ecr = . 75E - 04 
Fracture energy Gf= . 6E -3 
Fluidity parameters 
Pl 0.93 
P2 0.61 
Empirical coefficients 
Al 0.8 
A2 0.0773 
Tl 0.066 
T2 1.38 
T3 0.026 
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Discussion of the results 
Three dynamic analyses of tensile specimens with different water/cement ratio 
and concrete mix and three dynamic analyses of compressive specimens with 
different water/cement ratio and concrete mix have been carried out. Rate effect 
of rate-dependent parameters have been incorporated in the model. The plots of 
stress-strain curves were compared with those reported in [10]. The conclusions 
made are, 
" As expected, the analytical strains in compression and tension were found 
to be less that the experimental observations. The reason may be due to 
the constant stress-rate assumption made in the model. 
" The peak strain in tension tests were found to be more than the experi- 
mental results. The reason may be due to the assumption of linear elastic 
behaviour of concrete in tension. 
" The peak strains in compression tests were found to be less than exper- 
imental results which is due to the assumption that peak strain remains 
constant under rate loading and constant rate loading assumption used in 
the model. 
" Although the results of the above analytical tests on the concrete specimens 
do not confirm the validation of the model properly, the effect of strain-rate 
on strain-rate parameters are confirmed. 
" More experimental data is required for obtaining the empirical coefficients. 
6.3.10 Example 6.4 - Simply supported reinforced con- 
crete beam under suddenly applied concentrated 
load 
A simply supported reinforced concrete beam subjected to two concentrated sud- 
denly applied loads has been analysed as the third series of the tests. 
The problem 
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has also been solved by other investigators such as those reported in [41]. Damp- 
ing has been neglected in the analysis. 
6.3.11 Material properties, geometry and loading 
Fig. 6.23 shows the geometry and loading of the reinforced concrete beam under 
consideration. As can be seen, the reinforcement is placed in the lower half of the 
beam section in the tension region. Table 6.8 gives the material properties of the 
concrete and steel as used by Hinton et al. [41]. These values have been used for 
comparing the dynamic response of the beam with those reported in [41]. 
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Table 6.8 Material properties for simply supported reinforced concrete beam 
Concrete (ksi) 
Concrete Young Modulus E, = 6100.0 
Poisson's ratio v= . 20 
Ultimate compressive stress f=3.74 
Ultimate compressive strain Ec _ . 0035 
Mass density p=0.217E - 06 
Cracking tensile strain Ear = . 75E - 04 
Fracture energy Gf= . 6E -3 
Fluidity parameters 
Pl 0.93 
P2 0.61 
Empirical coefficients 
Al 0.8 
A2 0.0773 
Tl 0.066 
T2 1.38 
T3 0.026 
Steel (ksi) 
Steel Young Modulus of elasticity E, = 30000.0 
Yield stress fy = 44. 
Fluidity parameters 
ao 1.5386 
al 0.9705 
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6.3.12 Spatial discretisation 
Concrete has been modelled using rectangular 8-noded serendipity isoparametric 
elements with two displacement degrees of freedom per node. The size of elements 
varies horizontally and vertically. 
In order to assess the effect of the spatial discretisation on the fundamental 
frequency of the beam, the natural frequencies of the beam have been determined 
using different meshes of elements to obtain the converged fundamental frequency. 
For this purpose, a computer program originally developed by Smith et al. [116] 
was used for determining the natural frequencies. 
The mesh and node numbering of the simply supported beam is illustrated 
in Fig. 6.24. Due to the symmetry of the structure and loading, only half of the 
structure is analysed. 
Reinforcing bars have been modelled using embedded elements in which the 
steel is smeared as a one-dimensional element placed in concrete so that the 
natural coordinate perpendicular to steel bar is constant, and is idealised us- 
ing elastic-perfectly plastic model. Perfect bond is assumed between the steel 
reinforcement and the concrete. 
Reduced integration with 2x2 Gaussian points as discussed in Chapter 3 has 
been adopted for determining the stiffness of the structure and 3x3 Gaussian 
points have been used for determining the consistent mass matrix. 
6.3.13 Time discretisation 
The central difference method given by Eqs. (6.2), (6.3) and (6.4) which has a 
maximum time-step in explicit methods has been used as the time integrator. 
The initial conditions are determined using Eqs. (6.5) and (6.6). 
Critical time-step 
Based on the conclusions discussed in Chapter 5, two different time-steps have 
been used in the analysis of the reinforced concrete beam. The first one which 
has been used for the elastic analysis, which was based on the maximum natural 
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frequency of the beam using Eq. (6.7), was found to be . 000006 sec. Since an 
explicit form for the determination of the strain has been used in the viscoplas- 
tic analysis, the computational time-step for viscoplastic analysis proposed by 
Cormeau [118] Eq. (6.10), which equals to . 000002 s has been used. 
6.3.14 Mass discretisation 
The proposed method for producing a lumped mass matrix from a consistent 
mass matrix discussed in chapter 3 has been used. 
6.3.15 Dynamic analysis of the problem 
Two sets of analyses have been carried out. In the first set, the material strain- 
rate-sensitive parameters have not been included in order to compare the results 
with [41]. They have been included in the second set of the analyses. The analyses 
carried out can be summarized as follows 
" Elastic analysis excluding the strain-rate-sensitive parameters. 
" Viscoplastic analysis with no cracking. 
" Viscoplastic analysis cracking is included. 
" Elastic analysis including the strain-rate-sensitive parameters. 
" Viscoplastic analysis with no cracking. 
" Viscoplastic analysis with no cracking. 
These will be discussed in the following sections. 
Elastic analysis 
An elastic analysis has been carried out. The variation of mid-span 
displacement 
with time is plotted in Fig. 6.25. As can 
be seen , the elastic response 
is in good 
agreement with those of Hinton et al. 
[41] and Famiyesin [103]. 
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6.3.16 Dynamic analysis including cracking and results 
In the proposed material model, a maximum principal tensile strain criterion has 
been adopted as the crack initiation criteria. The initiation of cracks starts when 
the tensile strain at any Gauss-point reaches a defined value normally obtained 
from experimental evidence. For comparison purposes, the maximum strain has 
been chosen to be the same as that used by Hinton et al. [41]. The fracture 
energy approach discussed in Chapter 2 has been used to model the post-cracked 
behaviour of concrete. The variation of mid-span displacement with time is plot- 
ted in Fig. 6.25. Figs 6.26 shows the crack initiation and propagation and the 
corresponding time. Cracking starts from the central portion of the beam at the 
tension side and propagates through the two ends of the beam. 
6.3.17 Viscoplastic analysis with no cracking 
An elasto-viscoplastic analysis of the beam has been carried out assuming that 
viscoplatic behaviour initiates at o-o =J. In this analysis, however no viscoplastic 
behaviour occurred. Hence, the nonlinear effect is due to the cracking of concrete 
only. The variation of mid-span displacement of the beam is plotted in Fig. 6.25. 
6.3.18 Viscoplastic analysis including cracking 
In this example, an elasto-viscoplastic analysis has been carried out assuming 
viscoplasticity is initiated at cif, with a= . 3. 
Perzyna's model Eq. (6.17) has 
been used to determine the strain-rate in each time-step. The exponential form 
of the flow function Eq. (6.20) with N=1 has been used. 
Perzyna's fluidity parameter #yP has been evaluated using Eq. (6.18). In Eq. 
(6.19) the total effective strain-rate ee f fec which is a function of the octahedral 
normal eßt and the shear strain yshear [2], has been used to relate the multiaxial 
strains to an equivalent uniaxial strain. The variation of mid-span 
displacement 
of the beam is plotted in Fig. 6.25. 
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6.3.19 Dynamic analysis including strain-rate-sensitive 
parameters 
In the second set of analyses of the beam, all the rate-sensitive parameters were 
included in the material model. The proposed fluidity parameter 7i for evaluating 
the increase in the initial modulus of elasticity with strain-rate Eq. (6.21) has 
been used and the increased modulus of elasticity Ed has been determined using 
Eq: (6.11). In order to simulate the increase in the secant and tangent modulii 
of elasticity with strain-rate, the proposed fluidity parameter 'YT has been used, 
Eq. (6.24). 
The proposed uniaxial strain-rate-sensitive stress-strain formula Eq. (6.22) 
has been used to relate the uniaxial problem to multiaxial situation. 
Elastic analysis including strain-rate-sensitive parameters 
An elastic analysis including all material rate-sensitive parameters has been car- 
ried out. As expected, the response was found to be influenced by the strain-rate. 
The variation of mid-span displacement of the beam with time is illustrated in 
Fig. 6.27. As expected, the maximum mid-span displacement of the beam has 
been decreased due to the effect of strain-rate on the material strength and stiff- 
ness. 
Non-linear analysis excluding cracking 
A non-linear analysis of the reinforced concrete beam has been carried out as- 
suming that visco-plasticity is initiated at o-o =J. No viscoplastic behaviour 
occurred, which confirm that the non-linear behaviour is due to cracking Fig. 
6.27. As can be seen, the results are in good agreement with previous work 
reported in references [41] and [103]. 
Non-linear analysis including cracking 
The beam has been analysed including cracking and all material strain-rate- 
sensitive parameters. The nonlinearity was 
found to be influenced by the increase 
225 
in the material strength due to strain-rate. Fig. 6.27. illustrates the variation of 
mid-span displacement with time. A reduction in the maximum displacement can 
be seen when compared with the analysis excluding the strain-rate-sensitive pa- 
rameters. The results are in good agreement with the that reported in references 
[41] and [103]. 
Discussion of the results 
From the analyses of the beam described above, the following conclusions can be 
made. 
" That the maximum mid-span displacement predicted by the analyses in- 
cluding cracking are increased by almost 50 percent compared with the 
linear elastic response. 
" That the fundamental period of the beam is increased by about 25 percent 
in the analyses including cracking when compared with the predicted linear 
elastic fundamental period. 
" That the non-linear effects were due mainly to cracking as can be seen form 
Fig. 6.25. 
" That the viscoplasticity was found to occur in the top portion of the beam 
starting from the mid-span and spreading to the two ends of the beam. 
" That as expected, because the increase in the modulus of elasticity, the 
strengthening and stiffening of the concrete have been simulated, the max- 
imum displacement of the beam was found to decrease. The plots of the 
mid-span displacement of the beam with time shows such effect Fig. 6.27, 
and describe increasing the material stiffness and strength due to increasing 
strain-rate which is the objective of the model. 
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6.3.20 Example 6.5 - Clamped circular reinforced con- 
crete slab 
A circular reinforced concrete slab subjected to a distributed load of intensity 1.4 
kg/cm2 applied with a rise-time equal to half of the elastic fundamental period 
(T=0.06 s), has been analysed. The geometry of the slab and loading are shown in 
Fig. 6.28. The reinforced concrete slab which has a radius of 10 m and thickness of 
1m is reinforced in both the radial and tangential directions at the top and lower 
surfaces with a reinforcement ratio of 1%. The material properties for the slab 
are shown in Table 6.9. Damping has been considered. The reinforced concrete 
slab is spatially discretised using 8-noded rectangular serendipity isoparametric 
axisymmetric finite element. The proposed lumped mass scheme has been used 
for producing a lumped mass matrix from a consistent mass matrix. Due to 
symmetry only half of the structure has been analysed . 
The central difference method has been used for time integration with a com- 
putational time-step equal to 0.000005 s. It is worth noting that the time-step 
determined from stability conditions is rounded down to obtain the computational 
time-step. 
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Table 6.9 Material properties of reinforced concrete slab. 
Material properties Concrete Steel 
Young Modulus E 30 x 10' (Kg/cm2) 2.1 x 106 (Kg/ccm2) 
Poisson's Ratio v . 19 
Compressive strength f 350. K cm2 ( 9/ ) 4600.0 K ccm2 ( 9/ ) 
Tensile strength 31.5 (Kg/cm2 ) 
Cracking strain 0.75E-4 
Ultimate compressive strain Eu 0.0035 
Mass density p 2.45 x 10-6, (Kgsec2/cm) 
Fracture energy Gf 250. Kgcm/cm2 
Fluidity parameters 
Pl 1.01 
P2 0.115 
Empirical coefficients 
Al 0.75 
A2 0.0369 
T1 -0.22 
T2 -0.78 
T3 6.11E-4 
a0 1.5386 
al 0.9605 
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The analyses carried out were as follows. 
" Elastic analysis excluding the strain-rate-sensitive parameters. 
" Viscoplastic analysis with no cracking. 
" Viscoplastic analysis cracking is included. 
" Elastic analysis including the strain-rate-sensitive parameters. 
" Viscoplastic analysis with no cracking. 
" Viscoplastic analysis with no cracking. 
These will be discussed in the following sections. 
6.3.21 Elastic analysis 
A linear elastic dynamic analysis has been carried out in which the material 
strain-rate-sensitive parameters were not included. 
The variation of the central-point deflection with time is plotted in Fig. 6.29. 
As can be seen, the elastic analysis response is in good agreement with those 
reported in references [41] and [103]. 
6.3.22 Visco-plastic analysis with no cracking 
An analysis of the reinforced concrete circular slab has been carried out in which 
the cracking is not included. In this test the viscoplastic behaviour was assumed 
to initiate at c-o = fý. No viscoplastic behaviour occurred. The plots of the 
variation of the central displacement of the slab with time is given in Fig. 6.29. 
As can be seen, only a slight amplitude increase with approximately the same 
period compared with that of the elastic analysis occurs if crack is not considered. 
6.3.23 Viscoplastic analysis including cracking 
An analyses has been carried out in which cracking is included. For the purpose 
of comparison of the structural response with that of previous work, the material 
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strain-rate-sensitive parameters have not been included. Cracking was assumed to 
initiate when the maximum strain exceeds a defined value in principal direction. 
The plots of variation of the central point displacement for this and the pre- 
ceeding two analyses with time are given in Fig. 6.29. It can be concluded that 
major nonlinearity is due to cracking. 
Fig. 6.30 shows the crack patterns on plan and section. The tangential cracks 
were formed at the upper portion of the clamped edge and spread to the centre 
of the slab. 
6.3.24 Elastic analysis with strain-rate sensitive param- 
eters 
An elastic analysis including the material strain-rate-sensitive parameters has 
been carried out. The plot of variation of the central point displacement with 
time is illustrated in Fig. 6.31. As can be seen, the maximum displacement 
decreases which indicates the increase of the structural stiffness and validation of 
the proposed mode. 
6.3.25 Visco-elastic-visco-plastic analysis, with no crack- 
ing 
The reinforced concrete slab has been analysed with no cracking. The plot of 
variation of central point displacement with time is given in Fig. 6.31. As can be 
seen the visco problem is influenced by the material stiffening and strengthening 
due to strain-rate effect which confirm the validation of the proposed model. As 
can be seen, the elastic analysis response is in good agreement with those reported 
in references [41] and [103]. 
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6.3.26 Visco-elastic-visco-plastic analysis, cracking is con- 
sidered 
In the final analyses, the structure has been analysed with cracking considered. 
Significant nonlinearity was found to occur. Fig. 6.31 illustrates the time-history 
central point displacement of the slab which is influenced by the material strength- 
ening and stiffening. The results are in good agreement with the that reported 
in references [41] and [103]. 
Discussion of the results 
Three different time-dependent loading, boundary conditions and geometries were 
used. The analytical results have been compared with experimental and analyti- 
cal results obtained from other sources. The same conclusions as for the reinforced 
concrete beam can be made for reinforced concrete slab. In addition to the spe- 
cific conclusions made for each example the following general conclusions can be 
drawn. 
" The tangential cracks are formed first at the upper section of the clamped 
edge, radial and tangential cracks spread from the center Fig. 6.30. 
" The proposed history-strain-rate model is able to predict the dynamic be- 
haviour of concrete and reinforced concrete structures under transient forces 
with and without simulating the material stiffening and strengthening. 
However, the accuracy of the model depends mainly on the availability 
of experimental data for determining the empirical values. 
" The explicit form of strain approximation is suitable for predicting the strain 
increment in non-linear analysis in each time-step. 
" The major non-linearity in the examples was cracking which caused elonga- 
tion of the fundamental period and increase in the maximum displacement. 
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6.2 Geometry of compressive and tensile Hatano's specimen and loading 
A- Compressive, B- Tensile, C- Loading 
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Fig. 6.23 Geometry and Loading of simply supported beam. 
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Fig. 6.31 - Non-Linear response of circular plate 
Strain-rate parameters are not included 
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Table 6.1 Mix proportion of Hatano's compressive tests (taken from [10]) 
'IJix proportion Slunp & air 
Tt es , 
eeks %o .I *-V 
'- --- 
t1 Ce. men , 4ater : 
3 and I Gravel 
t 
M/c 1: S lump c efuent vc i (kg/,, -,? ); (kg/ra '(kg/,, a-' ) (kglr2) Crj) ratio C/V 
380 140 6 1? 8 1296 37 0.6 1.0/9 0.757 
24 380 16o 658 1222 42 110.0 0.98 0.700 
3 33100 150 710 1264 50 10.3 1.18 0.580 
4 220 125 800 1300 57 0.5 2.20 0.467 
ýO I 1 1.11 7 s: z 1 1 97f, A o -L 
11 
13 380 160 653 1222 42 110.0 1.25 0.685 
300 35 724 1288 45 1.5 1.68 0.618 
13 3CC 150 710 1264 50 4.3 1 Y-4. 0.574 
3 22r. 130 800 1 3CO 57 0.5 2.80 0.435 
781 1276 6 5 2 . 03 0.4211 
5 11 256 1! 1533 1 50 
1: 
lf 
10 
1-7.0 
4.41 o. 528 
410 246 1 116 40 60 16.2 1 5.81 0.421 
3 511 256 1533 50 17.1 1 4.11 0.538 
14 j 41U 440 L04U 
Table 6.6 Material properties of Ahmad's tests (taken from 
[211). 
Average Unit Strain Peak Peak Secant 
number Age at weight rate strain stress modulus 
Type of Size, of testing, W, f at 0.45 
concrete in. specimens days lb/ft' microstrain/sec microstrain psi (E, ),, psi 
4 55 148.88 32 0.0026 6980 4.11 x I(r 
4 55 150.10 10,000 0.0029 7620 4.23 x 106 
2* 28 148.60 wet 
147.90 dry 
20 28 5176 1 
2* 28 4.75 x I(r 
2* 28 
442 
lb/ft' w 
L (E, )., psi 
C , 
-0 U- U 4 55 156 32 0.0037 7250 4.00 xI (r 
'5 
4 55 154 95 000 10 0.0043 8020 4.3 5x 100 0 . , 
4 55 154.70 30,000 0.0051 7970 4.50 x 101 
" uý. wa u.. a- '6 x 12 in. cylinders tested at Material Service Laboratory, [c 
tions measured by the mechanical compressometer. 
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Chapter 7 
Proposed Algorithm For 
Structures Under Transient 
Force 
7.1 Introduction 
There are two general classes of solution techniques for dynamic problems, the 
modal superposition method and direct integration methods as discussed in chap- 
ters 4 and 5. In the modal superposition method, in which time is not discretised, 
the equations of motion are converted to a normal system of coordinates which 
gives a system of independent equations. Each equation is solved independently 
and the unknown displacements due to an applied loading can be obtained by 
summing the contributions from each of the modes. 
In direct integration methods the governing second order ordinary differential 
equations in time are integrated using either an explicit or an implicit step-by- 
step method. In implicit methods the system of equations is solved once, or 
more step per time to advance the solution, which is computationally expensive. 
Implicit methods tend to be numerically stable but storage requirements tend to 
increase dramatically, particularly in non-linear problems discussed in Chapter 4. 
In explicit algorithms the solution is advanced without the need to store or solve 
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the system of equations. However, a small time-step has to be employed to give 
numerical stability. The implicit methods have a higher order of accuracy than 
the explicit schemes. 
Recently mixed explicit-implicit methods, in which some of the elements are 
integrated implicitly, while an explicit form of integrator is used for the other 
elements have been used for solving dynamic problems. In these algorithms, it 
is necessary to define which of the elements will be explicit and which will be 
implicit as input data. 
The maximum permitted time-step is determined from that required for the 
explicit elements to ensure stability. The accuracy of the method depends on the 
type of the integrator and the number of explicit elements used and decreases 
with any increase in the number of explicit elements. 
In long-duration dynamic problems, errors in the explicit elements, for ex- 
ample local truncation error i. e. the difference between the numerical and the 
exact values, and round-off error can cause serious problems. The traditional 
mixed explicit -implicit algorithms may not be suitable for such problems because 
of the need to define the explicit elements at the beginning of the analysis. The 
elements designated as explicit remain explicit through out the analysis. 
The aim of this chapter is therefore to present a mixed explicit-implicit algo- 
rithm for long-duration dynamic problems with an accuracy higher than that of 
the traditional explicit-implicit methods. 
In the proposed algorithm the minimum number of explicit elements are used 
at any time-step therefore these errors tend to be reduced. 
The accuracy of the methods mentioned above are compared using as an 
example the analysis of a structure with a long-duration loading. 
The chapter starts with a brief explanation and formulation of the modal 
superposition method and continues with a description of the Newmark 
implicit, 
explicit and the mixed explicit-implicit algorithms. The next section 
is devoted 
to a discussion of the proposed variable explicit-implicit algorithm and a 
brief 
explanation of the computer program. 
A comparison of the accuracy of the 
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methods through an example is the subject of the next section. The chapter 
closes with a discussion of a dynamic analysis of a shear wall under a seismic 
loading. 
7.2 Numerical techniques for solving dynamic 
problems 
In order to assess the accuracy of the proposed numerical algorithm, a beam has 
been analysed using the modal superposition method discussed in Chapter 4. The 
results are compared with those of the implicit, the explicit, the traditional mixed 
explicit-implicit and the proposed variable mixed explicit-implicit algorithms. 
A brief explanation of each of the above-mentioned methods is given first. 
7.2.1 Modal superposition method 
As discussed in chapter 4, this method is based on transforming the system to 
normal coordinates after which each of the equations of motion can be solved 
independently. 
If a structure is loaded by a harmonic force A=cos9t, then the governing equa- 
tions for determining the displacement vector X can be written as 
X= ýoY (7.30) 
and 
Y+ 2ýwY + QY = cOT Acos 9t (7.31) 
thus 
Y= cpT 
Ai(w? - 82) cos 8i + 
2V T Atýw=B 
22 sin 
8t (7.32) 
` (w - 02)t 4ý2w282 
(w? - 02)2+ 4ý2wz B 
and where Y is a vector of modal amplitudes and is 
determined by solving Eq. 
(7.30) and cp is the matrix of eigenvectors. 
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7.2.2 The Newmark implicit method 
This method was discussed in chapter 4. Because the method is unconditionally 
stable, the time-step is governed by the desired accuracy. 
The implicit form of the Newmark method is used: 
Xt+4, t = Xt + AtXt + (ß, t)2[(1/2 - , Q)Xt +, QXt+Lt] (7.33) 
The equations for determining the displacement velocity and acceleration vectors 
are 
[K + 'y 
, 
QatC + 
, 
QatZM]Xc+vt = 
Pt+vc 
-M[ 
1 
Xt +1 Xt + 
,g 
(ý - 1)Xt] -At-2 
, gat 2, ý 
Xt+Jt = _kt + Ot[(1 - -y)Xt + 7Xt+Atj 
-zYt+At = 
xt+Jt - Xc+Jc 
0t2ß 
in which Xt+ýt is a predictor and is given by 
Xt+, \t = Xt + OtXt + 1/2XtOt2 
(7.34) 
(7.35) 
(7.36) 
(7.37) 
A value of -y = 0.5 in Eq. (7-35) is used which results in accuracy of order 
0(, At)29 
as discussed in chapter 5 and a value of 3=0.25 is used. 
As discussed in Chapter 4, this method does not have numerical dissipation 
and therefore in problems with loadings of long-duration serious problems, due 
to the effect of errors produced by the higher modes, can occur. 
The Newmark explicit method 
This method which is conditionally stable also does not have numerical dissi- 
pation to damp out the errors due to higher modes, the method also possesses 
considerable round-off error, as discussed in Chapter 5. The critical time-step 
which is governed by the maximum natural frequency of the element in a mesh, 
is given by 
2 
, At < - camas 
e 
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(7.38) 
The displacement vector is predicted by 
0t2Xt xt+At = Xt +L t± + 1/2 (7.39) 
and is corrected by 
(22 M)Xt+vc = Pc - KXc +2 M(Xt + AtXt) Ot Ota (7.40) 
The equations for determining the velocity and the acceleration vectors are 
Xc+vc = Xt + OtXt (7.41) 
1Y 
Xt+`ýt-Xt 
(7.42) t+ýt ---,: Ott 
The effective stiffness matrix does not require to be factorized in this method. 
7.2.3 Advantages and disadvantages of the implicit and 
the explicit methods 
The advantages and the disadvantages of the implicit and the explicit methods 
have been discussed in chapter 4 and 5 and wiH be reviewed here briefly. 
The implicit methods 
The advantages of the implicit algorithms in elastic analysis are 
" High accuracy 
The local truncation error of the algorithm is of order O(At'), hence the 
method possesses a high accuracy. 
" Stability 
The algorithm is unconditionally stable if 
in Eqs. (7.33) and (7.35) 
20 >7> 1/2 (7.43) 
The disadvantages of the method are that 
e The algorithm is computationally expensive particularly 
for large problems. 
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* The method suffers from algorithmic artificial errors such as amplitude de- 
cay error and elongation error if the Newmark methods are used. 
In analyses of visco-plastic materials, two methods may be used for determin- 
ing the visco-plastic strain. 
Visco-plastic analysis 
a) The implicit form of the visco-plastic strain approximation 
En+l = En + Ot[(1 - 
9)En + HnAG»n] (7.44) 
where 1>0>0and 
aEn 
Hn-- 
aý 
The advantages of the approximation are that it is 
" Stable 
" Has high accuracy which is determined by the choice of 
time-step. 
The disadvantages of the method are 
(7.45) 
Using the implicit form of visco-plastic strain apprommation requires that 
the matrix H is calculated for each Gauss point for each iteration within 
the time-step which causes the analysis to be computationally expensive. 
* The time-step needs to be small enough to follow the material stress-strain 
relationship, particularly when the material 
behaviour changes abruptly. 
b) The explicit form of the visco-plastic strain approximation 
is obtained by 
substituting 0=0 in Eq. (7.44) thus 
En+i = En + 
At in (7.46). 
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The advantage of this method is that 
* Since the time step is very small the method is very accurate. 
The disadvantages of the method are that 
Since the time-step is determined from the stability condition, as discussed 
in chapter 5, the time-step is dependent on the shared eigenvalues of the D 
and H matrices. This causes the method to be very expensive particularly 
in long-duration problems. 
Cormeau [1181 has proposed formulae for determining the critical time- 
step, when the explicit form of the strain approximation is used, which are 
conservative and assume a linear flow function and pure relaxation. 
* Although the algorithmic artificial errors of the method are less than the 
implicit analysis, they may be serious in long-duration problems. 
The explicit methods 
The advantage of the explicit method for elastic and visco-plastic 
analyses are that it is 
* Simple because the effective stiffness does not need to be determined and 
factorized, which causes the method to be relatively cheap. 
In visco-plastic analyses the explicit form of strain approximation is usually used 
because the time-step of the method is smaU. Hence the material stress-strain 
relation can be followed properly. 
The disadvantages of an explicit method are 
The method is conditionally stable and the critical time-step 
is restricted 
by the highest natural frequency of the elements in the mesh, as 
discussed 
earlier. 
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* The local truncation error of the method is of order O(At'), hence the 
method is less accurate. 
9 The round-off error which is a serious problem in the explicit schemes par- 
ticularly in the central difference method as discussed in Chapter 4. 
9 The artificial algorithmic errors such as the amplitude decay error and the 
period elongation error can result in serious problems. 
It is worth noting that, the accumulated global error and algorithmic artificial 
errors might cause the predicted response of the structure to be elastic when it 
should behave vis co- plastically. 
7.2.4 Conclusions 
* From the above it can be concluded that, the ideal solution for elastic 
analyses of dynamic problem is to use an implicit method particularly in 
long-duration problems. 
* For visco-plastic analyses the explicit methods are more suitable. 
9 The above analyses can be combined in a mixed explicit-implicit method 
in which the visco-plastic elements are explicit and the elastic elements are 
implicit. 
9 Since the number of visco-plastic elements can not be predicted before the 
start of the analysis, in the traditional explicit -implicit method more explicit 
elements that can cause inaccurate results. 
7.2.5 Proposed algorithm 
In the proposed to be described in this section, all the elements are assumed 
to be implicit when the material is elastic. As soon as any 
Gauss point goes 
visco-plastic, then the element corresponding that 
Gauss point is automatically 
changed to explicit . Hence the method 
has the majdmum possible accuracy, 
particularly in long-duration problems. 
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Computational algorithm 
As explained previously, all the elements are initially assumed to be implicit. 
To start the time-step procedure, the initial values of displacements X(O), 
velocity ±(O) should be given and the initial acceleration ±(O) is obtained using 
the dynamic equilibrium equation at t=0, 
. k(O) = M-1 [Pext(O) - KX(O)] (7.47) 
In order to increase the accuracy of the proposed algorithm, the explicit New- 
mark method in the form 
Xt+A, t = Xt + AtXt + 1/2At2(l - 20)Xt (7.48) 
is used as the predictor of the integrator and the implicit form of the Newmark 
as the corrector. However, any type of predictor- corrector method, as discussed 
in Chapter 4 depending on the type of the problem and required accuracy may 
be employed. The time-step may be dominated either by the required accuracy 
or by the applied load frequencies, e. g. the frequencies in seismic problem. It is 
worth noticing that, the numerical dissipation property of this implicit integrator 
for damping the higher modes error is of importance. 
Eqs. (7.39) to (7.42) are used to calculate the displacement, velocity and 
acceleration vectors in each time-step. 
In each time-step, a failure criteria is used to calculate the excess stress F for 
example, 
F= f(11, J2)-00 (7.49) 
where 11 is the first stress invariant and J2 is the second deviatoric stress and o-o 
is the stress corresponcling to visco-plastic initiation. 
If F is negative then the algorithm remains in implicit method while 
in the 
case where F at any Gauss point becomes positive then the corresponding element 
changes to explicit i. e., the algorithm becomes explicit-imPlicit. 
Then after 
different time integrators for different parts of the system is used. The elements 
in which any Gauss point goes to visco-plastic stage are partitioned as explicit 
elements while another elements remain as implicit element. 
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Governing equation in explicit- implicit method 
An explicit Newmark method is used as the predictor 
Xt+At = Xt + AtXt + 1/2At2(l - 20).., 
kt (7.50) 
The governing equations for the explicit and the implicit method is cast in a 
slightly different form to derive the governing equations for the mixed explicit- 
implicit algorithm of the form 
11 
t-2 
M+ K]Xt+, \t - Pt+Al +I Mxt+L\t OA oAt2 
for implicit elements and 
1 
M)xt+At : --: pt+At +(IM- K)Xt+, ýt (7.52) At2o At2o 
for explicit elements. 
The velocity and the acceleration vectors are given by 
Xt+At - 4Yr+At (7.53) X c+vc - At20 
Xt+At = Xt + At(l - -y)Xt + At-yxt+At (7.54) 
The equilibrium equation, the effective stiffness and the effectives force matrices 
in mixed explicit-implicit methods are graphically illustrated in Fig. 7.1. 
The visco-plastic strains are determined using Perzyna's's model [1191 as dis- 
cussed in Chapter 2. The fluidity parameter -f, is determined Eq. () and the 
explicit form for determining visco-plastic strain is used. 
Since in the analysis procedure the Gauss points of the implicit elements 
remain elastic , the effective stiffness 
K remain constant and only the effective 
force P is required to be determined according to the material stress level which 
is the advantage of the algorithm. This can be seen in Fig. 7.1 and Eqs- (7-51) 
and (7.52). 
The velocities and the acceleration vectors of the total system are evaluated 
using Eqs. (7-54) and (7.53) respectively. 
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0.0.1 Description of the proposed algorithm 
In the proposed algorithm there are essentially two different iteration procedures. 0 
The equilibrium equation is solved in the time-stepping, procedure which forms the 
outer loop. The evolution equation by which the visco-plastic strain is evaluated 
forms the inner loop which is solved explicitly in each time-step i. e. 
En+1 =End + lt< 
In elastic analysis of dynamic problems the proposed method is completely 
implicit and all of the dea-rees- of- freedom in the effective stiffness matrix have off- 
diagonal terms. However, in non-linear analysis the elements in which any Gauss 
points has entered into the visco-plastic stage are changed to explicit elements 
and the element stiffness appear as diagonal term in the effective stiffness matrix 
Fig. 7.1. The effective stiffness matrix will be factorized in each time-step hence 
the algorithm may be termed as an "Implicit method". 
It is worth noting that the non-linear solution procedure in the proposed 
algorithm differs from traditional implicit methods because the stiffness of the 
"I elements in which a Gauss point has become the visco-plastic does not appear in 
effective stiffness matrix. 
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7.2.6 Description of computer program 
DYNICK2T Program 
A computer program ' DYNICK2T 'has been developed in Fortran using the 
proposed variable explicit -implicit elements. The program structure is shown in 
Fig. 7.2. The structure of the program can be summarized as follows 
Input the geometry, material properties and loading data. 
2. Calculate the element consistent mass matrices and the global mass 
matrix. 
3. Calculate the element stiffness matrices and the global stiffness matrix. 
Assume the elements to be implicit. 
Calculate the effective stiffness matrix. 
Calculate the effective force matrix. 
7. Evaluate the displacement vector Eq. (7.50). 
Evaluate the stresses and strains at each Gauss point. 
If the Gauss point is failed then update the strains and stresses. 
10. Determine the velocity and acceleration vectors. 
11. If the Gauss point is not failed then change the corresponding element 
to explicit type. 
12. Calculate the partitioned effective stiffness matrix. 
The explicit nodes in the effective stiffness matrix are stored as a 
di- 
agonal matrix and the implicit nodes as an upper triangular matrix. 
13. Calculate the effective force for both the implicit and explicit elements. 
14. Calculate the displacement vector. 
15. Calculate the total strains, visco-plastic strains and the elastic strains. 
16. Calculate the stresses at each Gauss point. 
17. Calculate the displacement, velocity and acceleration vectors. 
18. update the stresses and strains and go 
for the next time-step 
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7.3 Numerical examples 
7.3.1 Dynamical analysis of a simply supported beam 
using different methods 
Since in direct methods most of the numerical errors such as local truncation 
error, global truncation error and artificial algorithmic error are due to the time 
integration, the accuracy of the proposed method is demonstrated by solving a 
relatively long-duration problem using different types of the dynamic solution 
techniques. 
A simply supported beam under a harmonic loading has been dynamically 
analysed for a duration of 1.2 second using the Mowing methods 
1. Modal superposition method. 
2. ImpEcit method. 
3. Explicit method. 
4. The traditional mixed explicit- implicit method. 
5. The proposed variable mixed expli cit- implicit algorithm. 
7.3.2 Example 7.1 - Modal superposition method 
A computer program originally developed by Smith et al. [116], has been used. 
The results of the analysis of a simply supported beam with a variable loading 
given by P= 1000 cos 200t using the superposition method are discussed in this 
section. 
The geometry of the structure and the loads are illustrated in Fig. 7.3. The 
beam is spatially discretised using 8-noded serendipity elements 
Fig. 7.4., 2 by 2 
Gauss Points are used for evaluating the element stiffness. 
The consistent mass is 
evaluated using 3 by 3 Gauss points which results 
in a more accurate estimation of 
natural frequencies, as discussed in chapter 3. 
Due to symmetry of the structure, 
only half of the beam has been analysed, no 
damping is considered. The plots of 
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variation spectral mid-span displacement of the beam with time is shown in Fig. 
7.5. 
7.3.3 Analysis using implicit method 
Program verification 
The simply supported beam under two-suddenly applied loads has been analysed. 
Fig. 7.6 illustrates the variation of mid-span deflection of the beam with time, 
and the result is in good agreement with those reported by Hinton et al. [41]. 
The simply supported beam under the applied harmonic loading P= 1000cos200t 
has been analysed using the implicit Newmark method. The plots of the spectral 
mid-span displacement of the beam is illustrated in Fig. 7.5. 
7.3.4 Analysis using explicit method 
The beam has also been analysed using the explicit Newmark algorithm. The 
spatial discretisation is the same as used for the implicit analysis above. The 
proposed method, discussed in Chapter 3, for producing a lumped mass matrix 
from a consistent mass matrix has been used. The critical time-step is governed 
by the maximum natural frequency of the elements in the mesh, as discussed in 
chapter 5, and was found to be 0.000005 sec. 
Fig. 7.7 illustrates the variation of mid-span displacement of the beam under 
two suddenly applied loads with time. and Fig. 7.5 shows the spectral mid-span 
deflection of the beam under the harmonic P= 1000cos200t loading and will be 
discussed later on. 
Comparing the two solution techniques, it is deduced that the implicit algo- 
rithm is more accurate than the explicit method 
due to its higher integrator as 
discussed in chapter 5. 
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7.3.5 Example 7.2 - Traditional mixed explicit- implicit 
method 
The traditional mixed implici t- explicit method has been used to analyse the 
beam. Both the implicit and explicit methods used in the mixed algorithm are 
Newmarks methods. In other words, the two algorithms used in the analysis 
demonstrated above are mixed in this example. A graphical illustration of the 
mixed explicit-implicit elements is presented in Fig. 7.1. The explicit and implicit 
elements, in the mesh, are shown in Fig. 7.8. 
The effective stiffness is formed using the sky-line storage method as shown 
in Fig. 7.1. The spectral mid-span displacement of the beam under a harmonic 
load P= 1000cos200t is shown in Fig. 7.5. 
7.3.6 The Proposed variable mixed explicit- implicit al- 
gorithm 
Program verification 
Dynamic analysis of the simply supported beam under harmonic load- 
ing 
For the purpose of verification of the method, the beam under two suddenly ap- 
plied loads has been analysed using the proposed variable mixed explicit-implicit 
method. Fig. 7.9 illustrates the explicit and implicit elements used in the mesh 
and the plots of variation mid-span displacement of the beam is shown in Fig. 
7.10. As can be seen, the result is in good agreement with that reported in [41]. 
The number of explicit elements can be seen in the figure. 
Results of analysing the beam under a harmonic loading P= 1000cos200t 
are plotted in Fig. 7.11 and is compared with that of the traditional analysis. 
As can be seen, the results from proposed algorithm lie 
between those from the 
implicit and explicit methods with a tendency to be closer to those the implicit 
algorithm. 
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7.3.7 Example 7.3 -A shear wall Subjected to a seismic 
loading 
In this example, a shear wall has been subjected to the action of the horizontal 
components of an acceleration of an artificial earthquake loading. The geometry, 
spatial discretisation of the shear wall and the artificial ground acceleration are 
illustrated in Fig. 7.12. 
The Johnson-Epstein sinesweep artificial earthquake with a maximum accel- 
eration level of 0.33g [194,195], will be used as a prescribed acceleration history. 
The sinesweep is given by 
ý, (t) 
= 
dmax (Cv)sinO(t) (7.55) 
where 
co = 
ý(t) 
(7.56) 
27r 
O(t) = At + BtN (7.57) 
For u-j < 1.5 
d max = 0.22w- g (7.58) 9 
and for 1.5 < uj-< < 3.5 
dgmax 
= 0.33g (7-59) 
ým ax iS the maximum ground accel- where ý, (t) is the acceleration time-history, g 
eration defined as a function of the forcing frequency CD and sin(t) is a variable 
frequency sinusoidal signal. With A=1, B=3 and N=3, the artificial accelel- 
ogram is equivalent to EL Centro NS , Fig. 
7.13. 
The material properties of the shear wall are shown in Table 7.1. 
-1. 
iLaDie i. jL-ivjLaLenc-u Pi: vpr-Lt,, L, --i3 
Young's modulus 6x 
106 psi 
Poisson's ratio 
Mass density 
v=. 2 
0.217 x 10-3 lbsec/in 
2 
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A plane stress analysis of half of the structure is performed due to the sym- 
inetry of the structure. The 8-noded isoparametric finite elements are used. The 
variation of tip-deformation of the shear wall with time is shown in Fig. 7.14. As 
can be seen, two different time-steps are used for the first and second part of the 
analysis procedure. The number of explicit elements can be in the figure. 
7.3.8 Discussion of the results 
* The plots of the spectral displacements of a simply supported beam under 
two suddenly applied loads are given in Figs. 7.5. and 7.14. 
As expected, since the local truncation error in the explicit method is one 
order lower than the implicit method, as discussed in chapter 5, the mid- 
displacement of the beam in long-duration loading results in considerable 
global error. The mid-displacement of the beam obtained from the mixed 
explicit -implicit method is bounded by the explicit and implicit methods as 
shown in Fig. 7.5. 
It is worth noting that, since both the implicit and explicit methods used in 
the problem do not have numerical dissipation and dispersion properties to 
damp out the higher modes error as discussed in chapter 5, the difference 
between the spectral mid-span displacement of the explicit and the implicit 
methods are not included in artificial algorithmic error. 
* In the traditional mixed explicit-implicit algorithm, the type of the ele- 
ments, i. e., explicit or implicit should be defined as an input data. Since 
the elements which might behave visco-plastically in the analysis can not 
be predicted before solving the problem, all those elements which are 
likely 
to be explicit should be explicit initially. 
In the proposed algorithm all of the mesh elements are initially implicit. 
As 
soon as any sampling point enters the visco-plastic stage, the correspond- 
ing element is changed to be explicit automatically. Hence, the minimum 
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number of elements change to explicit in the proposed algorithm and this 
results in a more accurate response. 
The proposed variable mixed explicit -implicit algorithm has the advantages 
of the implicit and the explicit methods hence is suitable for long-duration 
problems which will be discussed in the next sections. 
*A comparison of the spectral mid-span displacement of the simply sup- 
ported beam obtained from the modal superposition method, the traditional 
explicit- implicit method Fig. 6.11 shows that decreasing the number of the 
explicit elements in the mesh results in more accurate structural response. 
e Since the nodal points in a structure are linked by the stiffness of the system 
and the nodes in the implicit elements possess more accuracy, 'Some part 
of the explicit element response inaccuracies are compensatedý The term 
'some' is used because when the number of explicit elements increases, 
'some'of the nodes in explicit elements become independent of implicit ele- 
ments Fig. 7.1. It can be seen that, some of the explicit nodes deformation 
can be determined irrelevant to the implicit nodes. 
Since in many large problems, the failure modes are dominated by a limited 
number of failed sampling points, most of the elements will remain in the 
implicit form of integrator up to the failure mode. This causes the explicit 
nodes inaccuracy to be mostly compensated by the implicit nodes. In other 
words, the proposed algorithm is between implicit and explicit method with 
more tendency to implicit methods. 
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Fig. 7.2 Structure chart for Proposed variable 
explicit- imp licit algorithm. 
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Fig. 7.12 Geometry, spatial discretisation of 
shear wall and ground acceleration 
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Chapter 8 
Conclusions and 
recommendations for future 
work 
8.1 Introduction 
In this study, the experimental evidence of the effect of rate of loading on the Pois- 
son7s ratio, peak tensile strength, peak compressive strength and corresponding 
strain, Young modulus of elasticity and secant modulus of elasticity was reviewed. 
It was found that all the above-mentioned parameters are strain- rat e- sensitive. 
The classical theories of static and dynamic problems were reviewed and Perzyna's 
visco-plastic model [119] adopted in this study was discussed. A rheological model 
has been proposed in which the stiffening and strengthening due to increased 
strain-rate have been modelled, because these appear to be the parameters most 
affected. A material model has been proposed based on the rheological model 
by which the material stiffening and strengthening due to increasing strain-rate 
were modelled. 
The currently used spatial, time and mass discretisation methods have been 
reviewed and the advantages and disadvantages of the existing methods have 
been assessed. The plane and axisymmetric reinforced concrete structures used 
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in this study, have been spatially discretised using finite element method. It was 
found that the quadrilateral serendipity 8-noded element is appropriate in plane 
and a)dsymmetric dynamic problems. Finite difference schemes have been used 
for time discretisation. The type of integrator employed in dynamic problems 
was found to be dominated by the size of the problem, the required the accuracy, 
frequency of the applied loading and duration of loading. 
The chapter starts with the conclusions made in discretisation problems. The 
next sections are devoted to the conclusion made in the dynamic solution tech- 
niques such as modal superposition, direct integration methods and material non- 
linearity. The chapter closes with recommendations for further research. 
1. 
8.2 Discretisation problems 
The conclusions made regarding the spatial discretisation are summarized below. 
9 Using full integration scheme for determining the consistent mass matrix 
and preserving the total mass gives better mass distribution compared with 
reduced integration method and results in more accurate natural frequencies 
of the system. 
* Since the eigenvalues of a system with a defined mesh are constant, using 
a3x3 Gauss points for determining the consistent mass matrix compared 
with a2x2 Gauss points, results in more discretised mass and less fre- 
quencies which is more compatible with the real natural frequencies of the 
system. 
Although theoretically the mass matrix should be consistent, an equivalent 
lumped mass matrix can be produced from the consistent mass matrix. 
The proposed lumped mass scheme was found to give natural 
frequencies 
more close to those given by the consistent mass matrix compared with 
the 
e)dsting methods. 
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In dynamic problems in which the frequency of the applied load is higher 
than the fundamental natural frequency, for example earthquake loading, 
the contribution of the higher modes are not significant. For example, in a 
cantilevered beam under a harmonic loading the contribution of the modes 
above 15% of the total mode number was found to be significant. 
In dynamic problems more accurate response is obtained using embedded 
steel modelling than with smeared steel modelling, this is because for an 
accurate response with smeared steel, small elements are required but small 
elements can cause stability problems. Such problem is not included in 
embedded steel modelling hence ends up with more accurate results. 
9 As the mesh is refined, the inaccuracy involved in the prediction of the 
frequencies of the higher modes decreases appreciably. 
8.3 Dynamic Problems 
8.3.1 Modal Superposition Method 
The modal superposition method was found to suffer from one major drawback 
because in non-linear problems the eigenvalues and the mode shapes should be 
evaluated in each time-step. This procedure is computationally expensive. 
8.3.2 Direct Integration Methods 
A number of direct integration schemes for the dynamic analysis of structures have 
been reviewed and the efficiency, advantages and disadvantages of the currently 
used methods were assessed. Attention was focussed on the accuracy, stability and 
algorithmic error aspects of the methods particularly those suitable for dynamic 
analysis of structures subjected to seismic loading. The conclusions are 
* The local truncation error (LTE), the global truncation error 
(GTE) and 
the round-off error in the explicit methods can lead to unacceptable results 
in long duration problems. 
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9 Using an appropriate explicit form of integrator as the predictor and an 
implicit method as the corrector increases the accuracy of the methodi 
however higher order integrators or k-step methods can also increase the 
response accuracy . 
* Both the explicit and the implicit types of integrators suffer from algorith- 
mic errors such as amplitude decay (AD) and period elongation (PE). 
Although the currently used implicit methods for dynamic analysis of struc- 
tures under earthquake loading such as the Wilson-O method or the Houbolt 
method possess numerical dissipation property, they do not have sufficient 
I accuracy. Among the currently used numerical algorithms, the a-method is 
expected to be more efficient, provided that an appropriate a which depends 
on the type of structure and loading, is chosen. 
* The central difference method possesses the maximum critical time step in 
the currently used explicit algorithms. 
* Although the implicit methods do not suffer from the problem of stability, 
the structural response using such algorithms can be greatly influenced by 
the error due to higher modes thus may lead to serious problems. Hence, 
in dynamic problems of a long-duration, such as those due to earthquake 
loadings, emphasise should be concentrated on damping out the artificial 
frequencies due to higher modes. 
The proposed variable explicit- implicit method using an appropriate explicit 
form of integrator as predictor and an implicit form possessing suitable nu- 
merical dissipation properties as a corrector is expected 
to be more efficient 
in large problems particularly those involved in earthquake 
loading. This 
algorithm has the advantages of both the explicit and 
implicit methods 
particularly in non-linear analysis. 
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Since the failure mode in large problems is often expected to be dominated 
by a small number of elements, in the proposed algorithm, the local trun- 
cation error (LTE) and round-off error produced by the explicit elements 
is compensated by the implicit elements through the system stiffness. In 
fact, the accuracy of the proposed method lies between the implicit and 
the explicit methods with a tendency to the implicit method. In the pro- 
posed algorithm, attention has been focussed on increasing the accuracy 
and minimizing the computational effort. 
8.3.3 Pre-Cracked and Post-Cracked Concrete Problems 
The assumption of elastic behaviour of concrete in tension prior to cracking was 
found to be an appropriate assumption for dynamic problems. It is felt that 
concrete exhibits appreciable non-linearity which increases with increasing strain- 
rate. This problem remained unsolved in this study due to lack of experimental 
results. However increasing in the Young modulus of elasticity due to strain-rate 
was simulated in the proposed model. 
The post-cracked modelling of concrete has been reviewed. It was concluded 
that, 
In dynamic problems, use of smeared crack model with the use of fracture 
energy can simulate the behaviour of post-cracked concrete, however 
frac- 
ture energy is felt to be strain- rate- sensitive. The effect of fracture energy 
rate- sensitivity remained unsolved due to lack of experimental 
data. 
8.3.4 Rate dependency problems 
The effect of rate dependency on the foUowing parameters 
for concrete has been 
reviewed 
* The initial modulus of elasticity. 
* The tangent modulus of elasticity. 
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Poisson's ratio in both compression and tension. 
* The maximum compressive strength and corresponding strain. 
A material model has been proposed by which the material stiffening and strength- 
ening due to increasing strain-rate are simulated. A formula has been developed 
for Perzyna's fluidity parameter [119]. A formula for determining the equilibrium 
dynamic initial modulus elasticity and a formula for determining the increased 
stiffness and strength of concrete have been proposed. however, developing the 
above mentioned formulae in three dimensional problems remained unanswered 
due to lack of experimental data in this study. 
Based on the proposed rheological model, the rate-dependency of the following 
parameters has been incorporated into the proposed model. 
9 The modulus of elasticity. 
* The tangent modulus of elasticity. 
* The concrete compressive peak strength and corresponding strain. 
9 The tensile strength of the concrete. 
It was concluded that, 
* The st rain- rat e- dependent parameters of concrete can 
be modelled appro- 
priately which end up with the concrete stiffening and strengthening simu- 
lation, and results in increasing the ultimate load capacity of 
the structure. 
* In the proposed model, both variable stress-rate and strain-rate 
have been 
simulated. 
8.3.5 Material non-linearity problems 
The material non-linearity, either due to crack propagation 
or material vis- 
coplasticity causes the fundamental period 
to be elongated. This elongation 
might causes serious problem such as resonance phenomenon 
and should be 
taken into account in structural design. 
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9 In reinforced concrete structures with high ductility ProPerty, more energy 
is expected to be absorbed when are loaded by a transient force. 
8.4 Recommendations for further research 
9 The available formulae for producing a lumped mass matrix from consis- 
tent mass are applicable when only translational degrees- of-freedoms are 
included. A formula is required for the case when translational and rota- 
tional degrees- of- freedom are included in the problem. 
9 An algorithm possessing adequate accuracy and numerical dissipation prop- 
erty so that can damp out any defined number of higher modes is required 
in dynamic problems particularly those under earthquake loading. 
9 More experimental results for concrete under rate loading are required to 
enable the following parameters to be determined 
- multiaxial rate-dependent failure criteria. 
- the strain-rate effect on the initial modulus of elasticity, tangent mod- 
ulus of elasticity, Poisson's ratio, peak compressive strength and cor- 
responding strain, peak tensile strength and corresponding strain and 
ultimate compressive and tension strain. 
- The cracking processes under strain-rate which are not well under- 
stood. 
*A more accurate formula is required for determining the critical stability- 
dependent time-step for the explicit form of visco-plastic strain approxima- 
tion. 
9 The results described in this thesis suggest that, 
the proposed rheologi- 
cal. model could be extended to two and three 
dimensional situations by 
assuming different fluidity parameters 
for different directions which needs 
test results. 
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* The computer programs DYNICK2D, DYNICK2T could be modified to be 
used for the three dimensional analysis of reinforced concrete structures. 
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